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Abstract—In many tracking scenarios, the amplitude of target
returns are stronger than those coming from false alarms.
This information can be used to improve the multi-target stae
estimation by obtaining more accurate target and false alam
likelihoods. Target amplitude feature is well known to improve
data association in conventional tracking filters, such as he
Probabilistic Data Association (PDA) and Multiple Hypothesis
Tracking (MHT), and results in better tracking performance of
low SNR targets. The advantage of using the target amplitude
approach is that targets can be identified earlier through tte
enhanced discrimination between target and false alarms. @
of the limitations of this approach is that it is usually assumed
that the SNR of the target is known. We show that the reliable
estimation of the SNR requires a significant number of measua-
ments and so we propose an alternative approach for situatits
where the SNR is unknown. We illustrate this approach in the
context of multiple targets for different signal to noise raios
in the framework of Finite Set Statistics (FISST). Furthermore,
we illustrate how this can be incorporated into approximate
multi-object filters derived from FISST, including Probabi lity
Hypothesis Density (PHD) and Cardinalized PHD (CPHD) filtes.
We present simulation results for Gaussian mixture implema-
tations of the filters that demonstrate a significant improvenent
in performance over just using location measurements.

Keywords: Tracking, PHD filters, Finite Set Statistics,
random sets, Bayesian filtering, target amplitude feature,
multi-object estimation.

I. INTRODUCTION
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association, reduced number of false tracks and better per-
formance for low SNR targets. In this way the formation of
tracks is based not only in the consistency of target motion
(in the probabilistic sense) but also in the consistency of
its amplitude returns (again in the probabilistic sensdje T
pioneers of utilization of target amplitude have been Caleg

[1] and Lerro & Bar-Shalom [2] in the context of single target
tracking in clutter using the PDA filter. Subsequently thrg¢d
amplitude has been incorporated in the MHT framework [3]
and Viterbi data association scheme [4]. More recently the
significance of target amplitude has been explored for data
association of closely spaced targets in [5]. The utilaati

of target amplitude can be seen as a step towards the track-
before-detect approach, where the entire intensity seirfiac

the measurement space is treated as a measurement.

Whilst it has been shown that this results in improved
performance, these techniques have relied on knowleddneeof t
signal-to-noise ratio of the target. Using the Fisher Infation
and the Cramer-Rao Lower Bound, we show that estimating
the SNR of a Rayleigh distributed target requires a large
amount of data and hence it may not be possible to reliably es-
timate it in practice. Instead of this, we propose an altirea
approach by constructing an amplitude likelihood for when
the target SNR is unknown by marginalising a likelihood over
a range of possible values. In our simulated results, we show
that this still results in a significant improvement in esttion
performance over not using the amplitude information.

In multi-target tracking, a set of measurements is given toIn the paper we aim to exploit the target amplitude infor-

the filter, from which the aim is to estimate a set of targehation in order to improve the estimates of filters derived
states. Due to the nature of the sensor, a detector providingm the Finite Set Statistics multi-object Bayes filtem&i
the measurements of the targets to the tracker is rarelggerfthe target amplitude measurement is fairly straightfodatar
some of the measurements may be false alarms, while theorporate into the filter and at the same time the amplitude
true targets may not be detected at all. The tracker needdriformation is readily available in most practical apptioas
identify the correct targets from the measurements usieg tfradar, sonar, acoustics, etc), we aim to develop a more
observation model which describes how these relate to thecurate multi-object filters with only a minor additional
target states and track them based on the state model whiomputational load. Our presentation is carried out in the
describes the motion of the targets. In many sensors, suchceatext of radar or sonar data, where both the clutter and the
radar and sonar, the measurements of the targets’ posititsrgiet amplitude are modelled using the Rayleigh distidout
would also come with a signal strength, or amplitude, of thghe parameter being the SNR). In other applications, other
signal. The strength of the signal from a target is typicallgmplitude probabilistic models may be more appropriaté, bu
stronger than the false alarms and so provides a valuathe general conclusions of this study should be applicable i
source of information to determine if the measurement isfroa wider context.
a false alarm or from a true target. We investigate using thiswe show that an amplitude feature likelihood, both for
information in our measurement model for targets with a eangnown and unknown target SNR, can be incorporated into
of different signal-to-noise ratios (SNRs). the generic multi-object Bayes filter and in the approxiomti
Using the target amplitude strength as a measurementsimategies for using this in practice, including the Pralitgb
target tracking, in addition to the conventional measumsie Hypothesis Density (PHD) filter [6] and the Cardinalized PHD
of range, azimuth, Doppler etc, can result in improved daf(@PHD) filter [7]. We present results of this approach for the



Gaussian mixture implementations of the PHD and CPHB also clear that the integrals in the recursion are non-

filters [8], [9] and demonstrate the improved performanc#andard and need the notion of a set integral, which is d&fine

achieved by using the amplitude information. as a mixture of probability distributions over all diffeten
The paper is organised as follows. Section Il presentscardinalities (see [10]).

short review of the multi-object Bayesian filter. Sectioh 1l The Bayesian multi-object filter described here cannot be

demonstrates how the amplitude likelihood model (for knowimplemented in a computationally tractable manner. Among

and unknown SNR) can be incorporated into the the multhe approximations that were recently proposed of pasdicul

object Bayes filter and its approximations, the PHD filter anichportance are the PHD filter the CPHD filter [10]. Instead

CPHD filter. Section IV illustrates the concept in the contafx of propagating the full multi-target densiffy,,(Xx|Z1.x), the

the Rayleigh fluctuating target amplitude. First the arnpit PHD filter propagates its first order moment, called the PHD

likelihood for known SNR is considered and then we showar intensity function. The CPHD propagates not only the PHD

how the target SNR can be marginalized over a range of valurg also the cardinality distribution (the probability gisution

to give the likelihood for unknown SNR. Section V presents avf the number of targets).

extensive set of simulation results which validate the aagin.

The conclusions of this study are given in Section VI. I1l. BAYESIAN MULTI-OBJECTFEILTERING WITH
AMPLITUDE FEATURE
Il. BAYESIAN MULTI-OBJECTFILTERING In this section we show how the signal amplitude is intro-

Suppose that at time: there are N(k) object states duc_ed to the multi-object likelihood to enhgnce the dist:-rim
Tht, .- Tk N (k) €aCh taking values in a state spateC nation bgtween targets.and fals_e allarms with the mu!tlcmbje
R"+, and M (k) measurements (detections)s, .. ., 2 a()» Baye_s filter. We describe .th.e Ilkel|hood.fun_ct|on usmg_the
each taking values in the observation space R":. A multi- amplitude and |ncc_)rpc_>rate it into the multi-object Baye@f;l
object state and a multi-object observation are then repted the PHD pseudo-likelihood and the CPHD pseudo-likelihood.
by random finite sets:

A. Amplitude feature likelihoods

Xy = {xk,l,...,xkyN(k)}Ef(X) . ) o
Ze = {= ; Ve F(2) (1) We consider an augmented state that contains the positions,
ko= kL %k M(k) : p1 andpy, their velocitiesp;, andps, & = [p1 p2 p1 p2]”, and
where F(X) and F(Z) are the finite subsets ot and Parameted, i.e.
Z respectively. Due to the imperfections of detectors, it is v = [#T d|T (4)

possible that at timé some of the targets i are not
detected. Moreover, the observation ggttypically includes The expected (or mean) SNR is+ d, which is typically
false detections (or clutter) in addition to target origath defined in the log scale as

detections. SNR(AB)= 101
The objective of Mahler's Bayesian multi-object filtering (dB)= 101logyo(1 + d). ®)

[10] is to determine at each time stépthe posterior prob- and is assumed to be constant for each target. The case where
ability density of multi-object statefy(Xx|Z1.x), Where g — o corresponds to the situation where the power of the
Zik = (Z1,...,Zk) denotes the accumulated observationgrget and false alarm signals are the same.

up to time k. The multi-object posterior can be computed Each measurement consists of a two-dimensional target
sequentially via the prediction and update steps. Supgate thositionz and amplitude: > 0, that is, a measurement vector
Siii(Xk|Z1:) is known and that a new set of measuremenfas the forme := [27 a]7, with n, = 3.

Zy+1 corresponding to time: + 1 has been received. Then \we assume that the amplitude of the signal return is
the predicted and updated multi-object posterior derssdi® jndependent of target state location, and thus the liketilso
calculated as follows [10]: for targetsg(z|z) and the likelihood for clutter(z) are given

b
FernX120) = [ fen XX fn(X|Z005X -
) 9(z|z) = gz(2|Z)ga(ald), (6)
c(z) = cz:(2)cq(a). 7
s (X|7 - S 1k (Zi1]1X) froqa 1 (X | Z1:k) @) @) (.) o .( )
ket 1|k+1 Lk+1 T FrrteZaa | X) frrae (X [ Z1)6 X Hereg,(a|d) andc,(a) are theamplitudelikelihood functions
(3) for target and clutter, respectively. The detection predgpi-
cally consist of finding local maxima among all measurements
where f;.11x(X[X') is a multi-object transition density andfollowed by thresholding at a certain levet> 0. If we denote
fr41x(Z1411X) is @ multi-object likelihood. We should notethe amplitude likelihoods for the measurements that extieed

that this recursion is a non-trivial generalization, sirtbe detection threshold ag’ (a|d) andcZ(a), then we have (due
transition density needs to consider the uncertainty igetar to normalisation):

number, which can change over time due to targets entering . .
and leaving the state space, and the multi-object likelihoo ga(ald) = gg(ald)pp(d) (8)
needs to consider detection uncertainty and false alarms. | co(a) = ci(a)ppa 9




where C. PHD pseudo-likelihood

o0 The amplitude information can also be incorporated into
ppld) = / 9ga(ald)da, (10) the PHD update, as described in [11]. Amplitude information
oo has previously been incorporated into the sequential Monte
Ppa = / cq(a)da (11) Carlo implementation of the PHD filter [12]. The PHD pseudo-
T likelihood (see [10]) is given by
are the probability of detection and the probability of d’aaIsL (2) = (1 — p(d)) (16)
alarm, respectively. 7 -
p@) S Pp(d)ga(ald)gz(2]7)
ApTopch(a)ez(2) + (Dygajr, Ph(d) - g5 (-|d)gz)’

B. Multi-Object Likelihood with Amplitude Information where D,y ; is the predicted PHD. Multiplying this by the

For a given multi-target stateX = {a1,...,2,}, the Predicted PHD gives the PHD update.
random measurement set collected by the sensor is of the form

D. CPHD pseudo-likelihood

= (U Z(:ci)> Ue, (12) The amplitude information can similarly be incorporated
) into the CPHD update, as described in the following. Denote

by sz the binomial coefficient-=——; ( T P}' the permutation
whereX(z;) is the Random Finite Set (RFS) generated by the nl
oeff|C|ent T ande; (-) theelementary symmetric function

single target state;, which either contains a single measure- 5f order i defined for a finite sef of real numbers b
mentz; or is empty and takes on the vallieand© contains J y

false alarms with expected numbetefore thresholding.
Let A define the expected number of false alarms before ej (Z) = Z H ¢,
thresholding. Then the productpy, gives the expected SCZ,|S|=j \¢€S

number of false alarms after thresholding, which is typycal
assumed to be Poisson distributed. Following the derimdtio
[10, ch.12] the probability density of clutter is

with eg (Z) = 1 by convention.
The CPHD filter pseudo-likelihood (see [10, p.638] or [9,
[1I-A]) is given by
fo(K) :=exp(=A-ppa) H (A ppa)ea(d)ez(2|2). (13) Ly(z) = (1 T (d)) <T11c+1[Dk+1|k§Z]apk+l|k>
z z\x) = -P
< P00 Dt Z1, presare)
Incorporating the amplitude likelihoods into Mahler’s riul n Z " (Chr[Drsans Z = {2, prgajw)
object likelihood (see [10]) we get kL2 <T2+1[Dk+1|k; Z], Prtilk)

(17)

z€Z
Fre1(Zena|X) = fo(Zii) - ] (= pb(d)) x where
reX min(|Z],n)
3 H ) - 92(Z0(0)| %) - 92 (ao(i)|di) falD Zlm) = Y- (1 Z1=Diexne1(1Z1 =) B,
9 i:0(1)>0 —pD( )) A PEa - cz(Zogiy) - cilangiy) =0 (18)
(14) T (J+u)
% <1_pD(d)7D> ( (D Z))
where the sum is over all possible associatiérzetweenX (1,D)" R
andZ, i.e.6:{1,....n} —{0,1,..., M}. Vi (@) = [ (d)e:(2)] 7 g7 (ald) gz (212)p (),
Note here that the difference between the standard multi- (19)
object likelihood [10] with the standard measurement model — D.7Z) = {(D e 7 20
and the likelihood with amplitude information in (14) is the Sk )= Wa ZT> )i i (20)
introduction of a factor of PK k+1(n) = e PFa an'A, (22)
M’ (15) Dy 1 @and pyiq), are the predicted PHD and cardinal-
ca(aog)) ity distribution respectively. Multiplying the CPHD psemd

likelihood by the predicted PHD gives the CPHD update. The

which Lerro and Bar-Shalom called tkenplitude likelihood carginality distribution update is given by the Bayes updat
ratio. They used it to modify the standard PDAF association
TP 11 [Disaji; Z) (1) prgap(n)

probabilities to include amplitude discrimination in [2].
(T 1 [Dis1iks Z1, prsji)

pr+1(n) =

Typically in radar and sonar signal processing, all the llenaxima are 0 L Lo
found in the raw data first: false alarms before thresholdafgr to the local Whe':eT_k-H [Dr+1jx; Z] is interpreted as the likelihood of the
maxima. cardinality of the measurement set.



IV. AMPLITUDE FEATURE LIKELIHOOD MODEL The inverse of the Fisher Information is known as the Cramer-

In order to illustrate the general concept of an amplitud@@® Lower Bound (CRLB). It can be shown that if the
enhanced multi-object Bayesian filter, in this section wa-colikelinood function (28) is a product of Rayleigh distriurts,

sider the specific probability distributions for the targetd (hen the Fisher information is

false alarm amplitude measurements. The adopted amplitude I(d) = n 7 (31)

models will determine the probababilities of target detect (1+d)?

and false alarm for given thresholds. We first present th@d hence the CRLB is

likelihoods for known SNR and then show how we can derive (1 +d)>

likelihoods for unknown SNR. - (32)
] o For a target with the mean SNR+ d, for a20% error to be

A. Rayleigh Target Likelihood within 2 standard deviations, we need

Most targets of interest in radar signal processing create AT d?

radar returns which are composed of a sum of returns from 24— < 0.2(1 +d), (33)

individual scattering points which make up the target. As a n

result, the target SNR is typically fluctuating in a randorwhich leads to

manner, with four major fluctuation models used in practice (14 d)?

(known as Swerling type 1, 2, 3, and 4) [13]. We adopt the n > m =100 (34)

Rayleigh target amplitude fluctuating model from Lerro and .
Bar-Shalom [2], where the amplitudeis assumed to come |rrespec.t|ve_ _Of the value Qi )

from the output of a bandpass matched filter followed by ar}The S|gn|f!cance of (34) is that if we do. not kr!ow the SNR
envelope detector. This model is applicable to Swerlingstyp? a target in advance and want to estimate it, we require
1 and 2 targets, and is a reasonable representative offaircfa!2r9e number of measurements from the target, which is

magnitude fluctuations. The probability densities of atoplies n(l;t practical fo_rdmozt tgacgggBafpllcat_lonls. Note thathleth
of false detections (clutter) and target are adopted as [13] above we considered the or a singie target case where
we know the correct measurement association. In practiee, t

po(a) i—aexp <—_a2> a>0 22) associations would be unknown and hence the error would
2 )’ - be even higher than in equation (32). Therefore instead of
4 a —a2 attempting to estimate, in this section we consider two cases,
pi(a) T1+4d exp <2(1 T d)) ; a>0 (23)  where either the SNR is known or, if the SNR is unknown,
. it is integrated out from the target amplitude likelihooddan
respectively, and hence therefore not included in the state vector. Hence in botesas
242 we effectively consider the target state= 7.
py(a) =aexp ( ) ), a>T (24)
d a 72— a2 B. Known SNR
pi(a) “Tad P (2(1 + d)>’ . (25) When the target SNK is known, we can usg], (a|d) from

These would be our amplitude likelihood functions for falsé27)_ as our target amplltude I|ke||h_ood functhn.
alarmseT (a) and targetsy” (ald), that is Since each target in the surveillance region may have a

different value of mean SNR + d, typically the detection
cr(a) == pj(a), (26) thresholdr is computed for a specified value of.,. The
T o od analytic expressions fqi7. , andp7,(d) follow from (22) and
9a(ald) :=pr"(a). 7) (23). Table | lists the values off, for different SNR valuesl
Let us consider a sample ofn random variables and specified}. ,. Figure 1 shows the amplitude likelihoods
ai,as,as,...,a, drawn ii.d. from the likelihood function for clutter and10dB, 20dB and 30d B targets.
ga(ald). Then we have

Table |
n TARGETpp UNDER DIFFERENTSNRAND pp 4 COMBINATIONS
ga(al,ag,ag,...,an|d):Hga(ai|d). (28)
=1
The variance of any unbiased estimatbis bounded by the > ENR 10d8 | 15dB | 20dB | 25dB | 30dB
. . . FA
inverse of the Fisher Information [14](d), 0.001 3.7169| 0.5337 | 0.8092 | 0.9339| 0.9785 | 0.0931
1 0.01  3.0349|| 0.6579 | 0.8683 | 0.9554 | 0.9856 | 0.9954
mr(cz) > 7 (29) 0.05  2.4477| 0.7616 | 0.9123 | 0.9708 | 0.9906 | 0.9970
I(d) 0.1 21460 0.8111| 0.9319| 0.9775| 0.9928 | 0.9977
where
ol n d 2 We are unlikely to know the true SNR in practice and,
(In(I]i=1 9a(asld))) . . . :
I(d) = E 9 (30) as we showed in the previous section, we would require a
large number of observations in order to estimate it. Heace,



larger range of target SNRs.

Table Il
KULLBACK -LEIBLER DIVERGENCE BETWEEN TRUE AND ESTIMATED
AMPLITUDE DISTRIBUTIONS (IN NATS)

Estimated|| 10dB | 15dB | 20 dB | 25dB | 30 dB
True
10dB 0 0.4675| 1.402 | 2.485| 3.615
15dB 1.010 0 0.467 | 1.402 | 2.485
20dB 6.697 1.010 0 0.467 | 1.402
25dB 27.174 | 6.699 | 1.011 0 0.467
30dB 94.394 | 27.168 | 6.697 | 1.010 0

C. Unknown SNR

. —~— We have shown that an attempt to estimdtevhen the
— e — —I-\—* e — amplitude is fluctuating according to a Rayleigh distribati
20 30 40  would require a large number of measurements. To circumvent
amplitude this issue, we adopt an alternative approach where we do not
10dB — — 20dB — - 30dB

attempt to estimaté. Instead we marginalise out the parameter
d over the range of possible values and find a likelihood for
Figure 1. Amplitude pdfs for Rayleigh likelihoods: cluttend known SNR  gq which is not conditional onl.
Suppose thap(d), defined on the support of possible SNR

values|d;, ds] gives the expected probability distribution of
typical approach would be for the engineer to provide a vall8NR values. Then we can define the likelihood and probability
for what the SNR should be and hope that this adequatelfydetection as
characterises the target. If we assume that the target SNR da
is fixed, then the effect of providing an incorrect amplitude ga(a) :z/ p(6)ga(ald)dd (36)
likelihood function can be measured with the Kullback-Leib d:i
divergence between the amplitude likelihood with true SANR o ? T
and I?kelihood with chosen pSNIEi, which can be calculated Pp '_/d P(9)pp(9)dd (37)
with

1

Whilst the obvious choice for our distribution @hmay be
ga(ald) uniform, this in fact biases highetB targets since we have a
ga(ald) In 7@'62) ; logarithmic scale. Also, ad increases, there is little difference
Ja between the different distributions, so we have chosends bi
(35) ) S . .
p(d) in favour of a distribution which has a more uniform
measured in nats (information units in bagg14]. spread in thelB scale for targets.
Table Il shows the effect of choosing an incorrect value for We can find an uninformative prior that is not dependent on
a range of estimated and true SNR combinations. A low valtige parameter space using the Fisher Information. Thesysffr
indicates that there is not much difference in the distidmg prior [15] in Bayesian statistics is an uninformative (aitjee)
and hence is a good choice (note that the diagonal is zggor distribution on parameter space that is proportiomghe
since it is the same as the true distribution). For examplsguare root of the Fisher information,
the first column shows how effective the choice is when we
assume that the target SNR i8dB, which is a very poor p(d) o< VI(d)- (38)

approximation for 80dB target f4nats). The fact that this is not dependent on the parameter vari-
For any particular choice of SNR, we will not accuratelgple means that this is appropriate for any change in this
characterise the full range of possible true target SNRs. \Briable. For our case, we consider the Fisher Information

fact, the values in table Il assume that the threshold is.zefgr the Rayleigh single-object amplitude likelihood witheo
The actual values will depend on the threshold which furthﬂﬂeasurement in equation (31)’ which gives

compounds the error since it will give an incorrect prohiapil 1

of detection. Hence if we assume that there is a high SNR p(d) x —, (39)

but the actual target has low SNR, we will threshold correct (1+4d)

observations, whereas if the target has a high SNR but wherep(d) is suitably normalised for the regidd;, da].

assume it is low then we will set the threshold too low and This prior gives a uniform distribution in thé B domain,

process a larger number of obervations than necessary. which can be shown as follows: Suppose that we have a
In the next section, we show that by marginalising over aniform distributionu(¢) in the dB domain. Then, if we wish

range of SNR values, we can more accurately characteristoantegrate this over a range @B values[dB;,dBs] and

oo

D(ga(ald)||ga(ald)) ;:/

a=0



0.6 marginalised likelihood

D(g4(ald)||ga(a)) := /OO ga(ald) In (ga(a|d)) da. (42)

=0 ga(a)

Table Il shows the Kullback-Leibler divergence for target
in the region10dB — 30d B for a range of assumed fixed SNR
0.4 4 values. All of the values shown here are less tihaat, hence
the marginalised likelihood more accurately charactertbe
target SNR than any particular fixed choice in table II.

0.5

037 In practice, the target SNR is not fixed but is in fact
dependent on aspect angle and hence will fluctuate. Our
5 approach is more robust under these circumstances since it
0- works for a range of different SNR and does not assume that
the target SNR is fixed.
0.1 7 Table Il
o — KULLBACK -LEIBLERDIVERGENCE BETWEEN TRUE AND MARGINALISED
~—_ _ AMPLITUDE DISTRIBUTIONS (IN NATS)
0 T T —— _I — —I
0 10 20 30 40
amplitude Marginalised || 10 dB - 30 dB
— Clutter — — 10dB-30dB True
10dB 0.966
15dB 0.411
Figure 2. Amplitude pdfs for Rayleigh likelihoods: cluttand unknown 20dB 0.204
SNR. 25dB 0.317
30dB 0.966

convert this intod domain, we can change the variable of

integration as follows V. SIMULATIONS

dBs ¢ (dB2) In this section, we have implemented the proposed pseudo-
/ §)dg = / u(¢(0))¢'(6)dd  (40) likelihoods for the Gaussian mixture PHD and CPHD fil-
d

B ldBl) ters [8], [16], [9], although this approach could be easily
(d52) & (6)ds incorporated into particle implementations of these &l{dr7],
= $—1(dB1) ’ or other algorithms derived from FISST [18]. We examine the

performance of the proposed techniques by consideringrthe e
where¢(d) = 10log;,(1 + d) is the function that convertd rors for known and unknown SNR with different probabilities
into dB. Hencep(d) = ¢/(d) o< 137 gives us the required of false alarmpr., and for different SNR values.
function in thed domain. To examine the performance of these techniques, we bench-

A significant advantage of using distribution (39) is thatnark them against the corresponding PHD/CPHD filters which
our likelihood functiong, in equation (36), which has beendo not use the amplitude information. In order to do so, we

marginalised ovetl now has an analytic solution, require a proper notion of the error between the estimated
) ) and true multi-target states, which is indeed fundamemtal f
2 (GXP (Q(IT“@,)) — €Xp (Q(IT‘IUII))) the performance evaluation of any filter. As argued in [19]
gala) = am(l+dy) —m(i+d)) (41) nhowever, traditional measures of performance can exhiiit e

ments of arbitrariness and hence may not be entirely seitabl

When the target SNR is unknown we apply the theory préer performance evaluation. Consequently, to ensure afar
sented in Section 11l with only difference that the targeiéim balanced assessment, a formal notion of a multi-target-miss
tude likelihood of (8) simplifies t@,(a) given by (41). This distance is required; that is, a formal metric is requiredhilé/
means that numerical integration is not necessary and hego@ventional metrics such as the Haussdorff of Wasserstein
the computation required is significantly lower. The prabigb metrics may be obvious candidates, it is demonstrated ih [19
of target detection in equation (8) over the marginalisgibre that these do not admit physically consistent interprestesti
[d1,d2] can be computed with numerical integration offlinend thus are not entirely suitable for performance evalnati
since it does not need to be computed for each iteratiohccordingly, we adopt the Optimal Sub-Pattern Assignment
Figure 2 shows the amplitude likelihoods for false alarm andSPA) metric or multi-target miss-distance proposed @i [1
the uknown likelihood for a target from equation (41) whergor the purpose of multi-target performance evaluation.use
d1 andd, correspond td0dB and 30dB respectively. the OSPA metric because it jointly captures differencesién t

We can analyse the quality of this approximation for givecardinality and the individual elements between two finétss
target SNRs in the regiojd; , d2] by computing the Kullback- in a mathematically consistent yet intuitively meaningfy
Leibler divergence between targets with fixed SNR and tHi£9].



A. OSPA metric All of the targets in each simulation had the same mean

An intuitive construction of the OSPA metric is first preSNR (this is not required by the algorithm, but simplifies
sented. Suppose that we are given two finite sets each wil§ Presentation of results). The probability of survivat f
arbitrary cardinality (number of elements), e.g. the trnel a €ach target wags = 0.9, which was used both in the
estimated multi-target state sets. The set with the small@fget generation and in the PHD/CPHD filter predictions.
cardinality is initially chosen as a reference. The optimurhhe® measurements contain the positions and amplitudeof th
assignment of each point in the reference set to exactly dhgasurements Wlth Gaussian noise. The position data igin th
exclusively one point in the other set is then calculate@urveillance regior0 1000; 0 1000] with 1024 measurements
where optimum means a minimum total distance, subjekgfore thresho@n?gaccordmg tor. The Gaussian process
to the constraint that distances are capped at a presele@@ge variance isl.0, and the measurement noise variance
maximum or cut-off value. The optimum assignment ani§ 5-0. The birth intensity is0.05 over 4 birth Gaussians in
resulting summed errors can be interpreted as the “lo¢aliza the surveillance region. To make the assessment as fair as
errors”, which are determined by giving each point the ukmnepossi_ble, tr_le proba_bility of detectigrj, for the filters without
of the doubt”. All other points which remain unassigned ar@mPplitude information was chosen to be the same as that of
also charged with an error value, where each extraneous pdit¢ unknown SNR case, as in Table I. Note that the chosen
is penalized at the maximum or cut-off value. These erro¥g/ué of OSPA metria (100m) is significantly larger than
can interpreted as “cardinality errors” which are “penadizat the typical measurement noise, but significantly smallanth
the maximum rate”. The “total error’ committed is then thdhe maximal distance between objects, and thus maintains a
sum of the “total localization errors” and the “total cardlity ~balance between the cardinality and localization comptnen
errors”. Remarkably, if the “total error” is divided by therjer of the OSPA error. The amplitude likelihood for the unknown

cardinality of the two given sets, the resulting “per targeor” SNR is taken to be the whole0dB to 30dB spectrum of

is proper distance in the formal metric sense. expected target SNR values. o
A formal statement of the OSPA metric is now shown. The Tables Il and Il give the mean and standard deviation
OSPA metricJ;f) is defined as follows. Leti(®)(z,y) := Of the errors for 100 Monte Carlo runs with the PHD and

min (¢, ||z — y||) for z,y € X, andIl, denote the set of per- CPHD filters withp = 1, and¢ = 100m. For the PHD
mutations on{1,2, ..., k} for any positive integek. Then, for and CPHD filters, we have presented tables for the combined

p>1,¢>0,andX = {z1,...,z,,} andY = {y1,...,y,}, OSPA metric, the localisation estimate, and the cardinalit
, estimate. Tables Il and Il are presented in three block of
() (1 & © T ? three: The first third of the table, (1a)-(1c), shows resftdts
d(X,Y) = - wnghlizd (i, Ym(i)” + €P(n —m) the combined metric, the second third, (2a)-(2c), show the
=1 43) localisation results, and the third, (3a)-(3c), shows #auits
if m < n, and dgf) (X,Y) = JI()C)(Y,X) if m > n; forthe cardinality estimates. Each block has results fer th
and dgf)(X, Y) = dﬁf)(Y,X) — 0if m = n = 0. The Kknown SNR likelihood, (1a), (2a), (3a), the unknown SNR

e . . .
OSPA distance is interpreted agah order per-target error, [Kelihood, (1b), (2b), (3b), and the filter without amplite
comprised of gp-th order per-target localization error and énformauon,. (1c), <2C)' (3¢).
p-th order per-target cardinality error. These componergs a 1) PHD filter: Figures 3, 4 and 5 show an example of the

defined as PHD filter tracking of 30dB targets with7., = 0.1 (which
1/p means that we have an expected number of false alarms of
éz(gi(Xa Y):= (= - min 4© (24, Ym(i))? ’ around 100 per scan) along with the mean cardinality error.
n mell, 44) The crosses are the measurements, circles the true pgsition
1 ( and lines representing the tracked trajectories. Thisestse
?(n—m)\"/? . : . .
égzd(x, Y):= (7) where the method using the amplitude information works best
n both for unknown and known SNR, as the clutter distribution
if m < n, a”déz(;);(xa Y) = él((():():(}/’ X)'égtcz)rd — égz)rd( . X) will poorly represent the target amplitude, and there is a

big distinction in the target and clutter distributions. this
case, having more measurements aids the method using the
amplitude, since we discard less useful information, whtle

the same time this harms the filter without amplitude since

be interpreted exactly as the “per-target error” compgie there_ are many more false_ alarms. The PHD filter without
sum of the “per-target localization error” and the “pergeetr amplitude in this example did not identify any targets (se th

cardinality error”. The OSPA metric is also easily compigab mean cardinality error is equal to the mean number of tayxgets
for details see [19]. which can be seen by the fact that there are no tracks in the

figure. Using the amplitude information, there was a mean
cardinality error 0f0.3664 targets per scan for the unknown
SNR and0.0563 for the known SNR.

if m > n. The order parameter determines the sensitivity of
the metric to outliers, and the cut-off parametedetermines

the relative weighting of the penalties assigned to calityna
and localization errors. When = 1, the OSPA distance can

B. Numerical results

Up to N(k) = 10 targets are generated with dimen-
sional state vectors containing ttte dimensional POSILIONS  2Npte that in our simulations we do not have a finite sensorfutien: the
and velocities of targets following a constant velocity ralod measurements can be generated from anywhere in the sameeilregion.
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Figure 3. Without amplitude - mean cardinality error = 4.652 Figure 5. Unknown SNR - mean cardinality error = 0.3664

true measurements are being thresholded out and the ad®plitu
helps discriminate better whereas the PHD filter withous thi
information may have more difficulty discriminating with
more false alarms.

Comparing the tables (1a) and (1b), we see for high SNR
the PHD filter with known amplitude likelihood is consistent
as the number of false alarms increases whereas the PHD filter
with unknown amplitude likelihood sees a slight deteriimmat
Looking at tables for the localization, (2a) and (2b), and
cardinality, (3a) and (3b), we see that this comes from the
cardinality estimate, the PHD filter with known amplitude
remains around the same valueyas, increases whereas for
unknown amplitude the errors increase. The localisatioorer
in these cases are similar.

2) CPHD filter: Similar conclusions can be drawn with the
CPHD filter as above, although there are some differences
o . with the PHD filter. For known amplitude, subtables (1a),
i " A R the CPHD filter and PHD filter are comparable for SNR for

25dB to 30dB, but for unknown amplitude, subtables (1b),
perhaps surprisingly, the PHD filter does better. Lookinthat
cardinality estimates in subtables (3b), we see that the[lLPH
filter gives worse performance for a low number of false
alarms but improves gsr 4 increases, compared to the PHD
(éillter having good estimates for low number of false alarms

1 i i i
10 20 E) 0

Figure 4. Known SNR - mean cardinality error = 0.0563

Looking at the combined OSPA metric in subtables (1a)- . . )
(1c), we see that in all cases the PHD filter using amplitu ut the error increases slightly as false alarms increase. O

e S L X
likelihoods for known and unknown SNR give better perforpossmle explanation is that the CPHD filter is less respensi
mance than the PHD filter without using amplitude inform

to changes in target number and hence the amplitude likdlhoo
tion. For targets with SNR in the range 10dB to 15dB, a}ias less effect here,wheregs the PHDfiIte_r is_m(_)re responsiv
pra increases the PHD filters with amplitude likelihoods haveUt also has more false estimates in cardinality in general.
improved performance whereas without there is a deteriorat
in performance. This can be seen far, = 0.1, where the VI. CONCLUSIONS
PHD filter without amplitude information has very high vadue In this paper we show how to incorporate detection am-
in subtable (1c), with corresponding cardinality estimate plitude information into the generic multi-object Bayegéfil
subtable (3c). One possible explanation for this is thatefewand its computationally feasible approximations, the PHtBXfi



and the CPHD filter. We also investigate the amplitude feature]
likelihoods used in conventional target tracking and findt th
one of the limitations of this approach is that prior knovged 7]
of target SNR is needed for the model to work effectively.
Using the Fisher Information, we show that estimating thig8l
property requires a significant number of measurements from
the target. Instead of trying to estimate the SNR of thgg)
target, we propose an alternative approach where the SNR
is marginalised over a range of possible values, which t:esu[llo]
in an analytic solution for Rayleigh target likelihoods.s8d

on the assumption that the amplitudes of the measuremdhté
from true targets are stronger than those from clutter, i.e.
the signal to noise ratio is within a given range, we found2]
this can significantly improve the performance of the filter.
Furthermore, there is little increase in the computationgh
complexity using this approach.

Using the Gaussian mixture implementations of PHD ariéf!
CPHD filters, we conclude from simulations that using amplj;s;
tude feature information results in a more stable and ateura
estimate of the number of targets. In high SNR scenarios, 8]
PHD filter even outperformed the CPHD filter despite havinga
much lower complexity, by efficiently exploiting the ampiite
likelihood. In low SNR scenarios however, the CPHD filtel’!
generally outperformed the PHD filter, as the former was
able to tolerate harsher conditions with the inclusion af tH18]
amplitude likelihood. Future work will consider an apptica
of amplitude-enhanced PHD and CPHD filters to real songg
data.
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Table IV
PHD RESULTS FOROSPAMETRIC (MEAN ERROR/ STANDARD DEVIATION): A - KNOWN SNR;B - UNKNOWN SNR;C - NO AMPLITUDE INFORMATION; 1
- OVERALL OSPADISTANCE; 2 - OSPALOCALISATION DISTANCE; 3 - OSPACARDINALITY DISTANCE.

SNR 10 dB 15 dB 20 dB 25dB 30 dB

PrA T

(1a)

0.0010 3.7169|| 65.854 / 3.744| 24.596 / 2.791| 13.422 / 1.874| 8.190/1.007 | 6.722/0.371
0.0100 3.0349|| 49.157 /2.398| 21.730 / 2.287| 12.616 / 1.777| 8.142/1.068 | 6.622 /0.661
0.0500 2.4477|| 41.855/3.804| 19.676 / 1.678| 11.673 /1.768| 8.009 / 0.571 | 6.708 / 0.553
0.1000 2.1460|| 39.148 / 4.276| 18.760 / 2.088| 11.237 / 1.393| 7.995/1.265 | 6.687 / 0.633
(1b)

0.0010 3.7169|| 57.176 / 4.015| 24.890 / 2.814| 13.260 / 1.798| 8.216 / 1.009 | 6.867 / 0.448
0.0100 3.0349|| 50.377 /3.888| 22.319 / 2.421| 12.573/1.731| 8.361/0.902 | 7.066 / 0.533
0.0500 2.4477|| 49.074 / 4.652| 20.642 / 2.391| 11.525/ 1.645| 8.787 /0.859 | 7.628 /0.792
0.1000 2.1460|| 48.721 /3.534| 20.191 / 2.393| 11.028 / 1.240| 8.428 / 1.228 | 7.671/0.625
(1c)

0.0010 3.7169|| 64.686 / 4.780| 33.930 / 3.078| 23.201 / 1.956| 18.600 / 1.768| 17.417 / 1.499
0.0100 3.0349|| 66.830 /5.673| 45.500 / 5.109| 36.569 / 3.220| 32.242 / 3.786| 31.980 / 4.390
0.0500 2.4477|| 82.039 /5.501| 71.439 / 6.290| 66.196 / 4.942| 64.946 / 8.272| 65.641 / 6.673
0.1000 2.1460|| 95.550 / 4.774| 96.700 / 3.854| 96.850 / 3.438| 96.000 / 4.942| 97.250 / 4.351
(2a)

0.0010 3.7169|| 38.288 /5.731| 5.028/0.494 | 5.636/0.389 | 5.826 /0.385 | 6.023 / 0.301
0.0100 3.0349|| 21.269 /2.507| 5.277/0.490 | 5.812/0.385| 5.660/0.344 | 5.888/0.239
0.0500 2.4477|| 8.058/2.347 | 5.822/0.644 | 5.695/0.380 | 5.936/0.330 | 5.877/0.318
0.1000 2.1460| 6.919/1.327 | 5.975/0.692 | 5.791/0.292 | 5.640/0.406 | 5.848 /0.365
(2b)

0.0010 3.0349|| 3.283/0.304 | 4.896/0.437 | 5.659/0.385| 5.866/0.398 | 6.058 /0.323
0.0100 3.7169|| 3.772/0.557 | 5.089/0.329 | 5.826/0.372 | 5.716 /0.349 | 5.894 /0.237
0.0500 2.4477|| 3.743/0.568 | 5.519/0.587 | 5.790/0.353 | 5.965/0.357 | 5.911/0.345
0.1000 2.1460| 4.045/0.676 | 5.583/0.598 | 5.845/0.290 | 5.653/0.411 | 5.838/0.404
(2c)

0.0010 3.7169|| 2.671/0.588 | 4.076/0.532 | 4.745/0.509 | 4.991/0.431 | 5.091 /0.299
0.0100 3.0349|| 3.854/0.895 | 4.803/0.891| 5.717/0.634 | 5.465/0.925 | 5.794 / 0.455
0.0500 2.4477|| 9.071/2.595 | 10.010 / 2.180| 10.307 / 2.191| 10.290 / 2.181| 10.843 / 2.363
0.1000 2.1460|| 0.000/0.000 | 0.000/0.000 | 0.000/0.000| 0.000/0.000 | 0.000 /0.000
(33)

0.0010 3.7169|| 27.566 / 3.365| 19.568 / 2.794| 7.786/1.958 | 2.365/0.968 | 0.700 / 0.326
0.0100 3.0349|| 27.888 /2.176| 16.453 / 2.330| 6.804 / 1.855 | 2.481/1.082 | 0.734 /0.603
0.0500 2.4477|| 33.797 / 4.582| 13.853 / 1.691| 5.978/1.962 | 2.073/0.582 | 0.831/0.596
0.1000 2.1460|| 32.229 / 4.216| 12.785/2.129| 5.446 / 1.413 | 2.355/1.270 | 0.839 / 0.490
(3b)

0.0010 3.7169|| 53.893 /4.082| 19.994 / 2.814| 7.601/1.873| 2.350/0.979 | 0.808 /0.487
0.0100 3.0349|| 46.606 / 3.984| 17.230 / 2.342| 6.748/1.767 | 2.644/0.986 | 1.172/0.468
0.0500 2.4477|| 45.331/4.764| 15.123 / 2.328| 5.735/1.757 | 2.823/0.858 | 1.717 / 0.795
0.1000 2.1460|| 44.676 / 3.581| 14.608 / 2.463| 5.184/1.265| 2.775/1.194 | 1.833/0.628
(30

0.0010 3.7169|| 62.015/4.910| 29.854 / 3.038| 18.456 / 2.161| 13.610 / 1.746| 12.326 / 1.498
0.0100 3.0349|| 62.976 / 6.017| 40.697 / 5.578| 30.852 / 3.439| 26.776 / 4.071| 26.186 / 4.500
0.0500 2.4477|| 72.968 / 6.030| 61.429 / 6.022| 55.889 / 5.366| 54.656 / 8.099| 54.798 / 7.065
0.1000 2.1460|| 95.550 / 4.774| 96.700 / 3.854| 96.850 / 3.438| 96.000 / 4.942| 97.250 / 4.351
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Table V
CPHDRESULTS FOROSPAMETRIC (MEAN ERROR/ STANDARD DEVIATION): A - KNOWN SNR;B - UNKNOWN SNR;C - NO AMPLITUDE INFORMATION;
1 - OVERALL OSPADISTANCE; 2 - OSPALOCALISATION DISTANCE; 3 - OSPACARDINALITY DISTANCE.

SNR 10 dB 15 dB 20 dB 25dB 30 dB

PrA T

(1a)

0.0010 3.7169|| 51.641 / 3.548| 23.172 / 2.481| 13.770 / 1.540| 8.135/1.000 | 6.659 / 0.369
0.0100 3.0349|| 42.796 / 3.540| 21.763 / 2.652| 12.465/ 1.922| 8.016 / 0.920 | 6.512/0.515
0.0500 2.4477|| 41.831/3.717| 20.542 / 1.473| 11.350 / 1.554| 8.052/0.933 | 6.625 / 0.598
0.1000 2.1460|| 40.398 / 4.966| 18.820 / 1.799| 10.633 / 1.228| 7.631/1.313 | 6.611/0.613
(1b)

0.0010 3.7169|| 50.974 / 3.656| 23.382 / 2.507| 15.258 / 1.625| 12.813 / 1.227| 12.570 / 1.239
0.0100 3.0349|| 46.887 / 4.180| 22.037 / 1.985| 13.201/1.761| 10.141/1.260| 9.154 / 0.651
0.0500 2.4477|| 45.737 / 4.910| 19.671/2.123| 11.675/1.485| 9.716 / 0.856 | 9.169 / 1.137
0.1000 2.1460|| 44.615/3.509| 18.550 / 2.133| 11.322/1.260| 9.121/1.466 | 8.686 / 0.909
(1o

0.0010 3.7169|| 62.933 / 4.705| 34.094 / 3.419| 25.405 / 2.896| 21.669 / 2.606| 21.055 / 2.389
0.0100 3.0349|| 66.332 /4.838| 49.477 / 5.767| 39.382 / 4.111| 37.832 / 4.401| 36.137 / 4.084
0.0500 2.4477|| 76.572 / 4.401| 67.213 / 6.494| 58.505 / 5.771| 59.200 / 4.886| 60.205 / 5.400
0.1000 2.1460|| 95.550 / 4.774| 96.605 / 3.833| 96.443 / 3.349| 95.976 / 4.923| 96.575 / 4.317
(2a)

0.0010 3.7169|| 24.901/2.838| 8.352/1.364 | 6.538/0.621 | 5.824/0.382 | 6.043/0.294
0.0100 3.0349|| 18.678 /2.009| 8.075/0.842 | 5.909 /0.465| 5.669 /0.349 | 5.902 /0.250
0.0500 2.4477|| 16.737 /2.122| 8.272/1.163 | 6.020/0.547 | 5.978/0.316 | 5.960 / 0.330
0.1000 2.1460|| 16.759 / 2.894| 7.994 /0.967 | 5.977/0.333 | 5.664 /0.394 | 5.874/0.366
(2b)

0.0010 3.0349|| 6.205/1.142 | 7.724/1.352 | 7.302/0.843 | 6.194/0.504 | 5.884 /0.306
0.0100 3.7169|| 5.188/1.068 | 6.698/0.987 | 6.448/0.733 | 5.935/0.481 | 5.866 / 0.295
0.0500 2.4477|| 4.913/0.841 | 6.557/0.810 | 6.322/0.584 | 6.052/0.398 | 5.887 /0.361
0.1000 2.1460| 5.649/0.980 | 6.405/0.801 | 6.168/0.357 | 5.739/0.469 | 5.930/0.474
(2c)

0.0010 3.7169| 7.970/2.242 | 8.495/1.415| 7.457/1.379| 6.518/0.958 | 6.336/0.672
0.0100 3.0349|| 12.532/2.076| 12.355 / 2.500| 10.384 / 1.352| 9.765/ 1.644 | 10.444 [ 1.992
0.0500 2.4477|| 23.359 / 4.002| 20.398 / 4.408| 17.164 / 3.407| 20.138 / 4.441| 18.955 / 3.941
0.1000 2.1460| 0.000/0.000 | 0.005/0.018 | 0.018/0.048 | 0.001/0.006 | 0.069 /0.158
(33)

0.0010 3.7169|| 26.740 / 4.023| 14.819 / 2.457| 7.233/1.561| 2.310/0.960 | 0.616 /0.312
0.0100 3.0349|| 24.118 /3.531| 13.688 / 2.770| 6.556 /2.043 | 2.348/0.985 | 0.610/0.432
0.0500 2.4477|| 25.094 / 4.068| 12.271/1.384| 5.330/1.669 | 2.074/0.897 | 0.665 / 0.501
0.1000 2.1460|| 23.639 /3.725| 10.825/ 2.069| 4.657 / 1.224 | 1.967 / 1.300 | 0.736 / 0.508
(3b)

0.0010 3.7169|| 44.768 / 3.823| 15.658 / 2.470| 7.956 / 1.446 | 6.618 /1.199 | 6.686 / 1.206
0.0100 3.0349|| 41.699 / 4.782| 15.339 / 2.386| 6.753/1.849 | 4.206/1.235 | 3.288/0.789
0.0500 2.4477|| 40.824 /4.802| 13.114 / 2.058| 5.352/1.465| 3.665/0.979 | 3.281/1.172
0.1000 2.1460|| 38.966 / 3.376| 12.145/2.096| 5.154 /1.314 | 3.383/1.361 | 2.756 / 0.833
(30

0.0010 3.7169|| 54.963 / 4.975| 25.600 / 3.398| 17.948 / 3.203| 15.151 / 2.685| 14.719 / 2.445
0.0100 3.0349|| 53.800 / 4.983| 37.122 / 6.039| 28.998 / 3.720| 28.067 / 4.088| 25.694 / 3.524
0.0500 2.4477|| 53.213 / 5.366| 46.815 / 5.668| 41.342 / 6.495| 39.062 / 4.859| 41.250 / 6.480
0.1000 2.1460|| 95.550 / 4.774| 96.600 / 3.832| 96.425 / 3.352| 95.975 / 4.922| 96.506 / 4.359
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