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Abstract

In Bayesian multi-target filtering we have to contend with two notable sources of uncertainty, clutter

and detection. Knowledge of parameters such as clutter rate and detection profile are of critical importance

in multi-target filters such as the probability hypothesis density (PHD) and Cardinalized PHD (CPHD)

filters. Significant mismatches in clutter and detection model parameters results in biased estimates. In

practice these model parameters are often manually tuned or estimated off-line from training data. In this

paper we propose PHD/CPHD filters that can accommodate model mismatch in clutter rate and detection

profile. In particular we devise versions of the PHD/CPHD filters that can adaptively learn the clutter

rate and detection profile while filtering. Moreover, closed form solutions to these filtering recursions are

derived using Beta and Gaussian mixtures. Simulations are presented to verify the proposed solutions.
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I. INTRODUCTION

Multi-target filtering involves the joint estimation of the number of targets and their individual states

from a sequence of observations in the presence of association uncertainty, detection uncertainty and

clutter [1], [2], [4]. The random finite set (RFS) approach, [4], [5] is an elegant formulation of the multi-

target filtering problem in which the collection of target states, referred to as the multi-target state, is

naturally represented as a finite set. The rationale behind this representation traces back to a fundamental

consideration in estimation theory–estimation error [6].

Due to the inherent combinatorial nature of multi-target densities and the multiple integrations on

the (infinite dimensional) multi-target state and observation spaces, the multi-target Bayes filter (see

e.g. [4], [5]) is intractable in most practical applications. To alleviate this intractability, the probability

hypothesis density (PHD) and subsequently Cardinalized PHD (CPHD) filters have been proposed [7],

[8] as moment and cardinality approximations. These filters operate on the single-target state space and

avoid the combinatorial problem that arises from data association. Since their inceptions the PHD and

CPHD filters have generated substantial interest from academia as well as the commercial sector with

the developments of numerical solutions such as sequential Monte Carlo (SMC) or particle and Gaussian

mixtures [9]–[11]. Extensions to maintain track continuity have been proposed in [12], [13], for the

particle-PHD filter and [14] for the Gaussian mixture PHD filter. In [15] the Gaussian mixture PHD

filter is extended to linear Jump Markov multi-target models for tracking maneuvering targets. Recently,

important developments such as the auxiliary particle-PHD filter [16], and measurement-oriented particle

labeling technique [17], partially solve the clustering problem in the extraction of state estimates from

the particle population. Clever uses of the PHD filter with measurement-driven birth intensity were

independently proposed in [18] and [17] to improve tracking performance as well as obviating exact

knowledge of the birth intensity.

In PHD/CPHD filtering, no less than multi-target filtering in general, we have to contend with two

notable sources of uncertainty, clutter and detection, in addition to the process and measurement noise

from each target. Clutter are spurious measurements that do not belong to any target, while detection

uncertainty refers to the phenomena that the sensor does not always detect the targets. Knowledge of

parameters such as clutter rate and detection profile are of critical importance in Bayesian multi-target

filtering, arguably, more so than measurement noise model in single-target filtering. Significant mismatches

in clutter and detection model parameters inevitably result in erroneous estimates. However, except for

some applications such as radar, the clutter rate and detection profile of the sensor are not available in

general. Usually these parameters are either estimated from training data or manually tuned. For example,

in visual tracking measurements are extracted from images via various background or foreground modeling

techniques [19]. The clutter rate and detection profile depend on the detection method. Moreover, it is
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not known whether these parameters are time-invariant. Thus the ability of the PHD and CPHD filters

to accommodate mismatch in clutter rate and detection profile is very important in practice.

This paper proposes various versions of the CPHD (and PHD) filter which can account for mismatches

in clutter and detection model parameters. In particular we show that the CPHD (and PHD) recursion can

be manipulated into forms that can adaptively learn non-uniform detection profile or/and clutter rate while

filtering, provided that the detection profile and clutter background do not change too rapidly compared

to the measurement-update rate. Analytic approximations to these filters for linear Gaussian multi-target

models are also proposed and verified via simulations. Preliminary results have been reported in [20],

[21], which outline a general formulation for estimating both the detection profile and the clutter intensity

function. The approach described in the paper are implementable special cases of the general theoretical

approach described in references [20], [21] with additional results that enable analytic implementations.

We remark that robust Bayesian approaches to problems with model mismatch in the literature such

as [22]–[27] operate with probability distributions and are not directly applicable to the CPHD and PHD

filters which work with intensity functions. A related work is given in [28] which deals with the problem

of calibrating time-invariant multi-target model parameters. The key idea is to find the vector of parameters

that maximizes an approximate marginal likelihood of the observed data via gradient ascent. Neither the

approximate likelihood function nor its gradient are computable and the authors have proposed an SMC

approximation. While the approach of [28] is quite general it does not exploit analytic approximations of

the CPHD and PHD filters. Moreover, it is not directly applicable to non-uniform, time-varying clutter

rate and detection profile. An even more closely related work which investigates clutter estimation while

filtering (with known detection profile) using the PHD filter is given in [29].

The paper is organized as follows. Section II gives the background material on the standard CPHD (and

PHD) filter. Section III details the version of the CPHD (and PHD) filter for unknown clutter rate, while

Section IV details the CPHD (and PHD) filter for unknown detection profile. Section V then combines

these solutions in the form of CPHD (and PHD) filter that can adaptively learn a jointly unknown clutter

rate and unknown detection profile. Analytic implementations are also presented based on Beta and

Gaussian mixtures. Simulations are presented in Section VI.

II. CONVENTIONAL CPHD RECURSION

Suppose that at time k, there are N(k) target states xk,1, . . . , xk,N(k), each taking values in a state

space X , and M(k) observations zk,1, . . . , zk,M(k) each taking values in an observation space Z . Then,

the multi-target state and multi-target observations, at time k, are the finite sets [4], [5], [7]

Xk = {xk,1, . . . , xk,N(k)} ⊂ X ,

Zk = {zk,1, . . . , zk,M(k)} ⊂ Z,
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The following notation is used throughout. Denote by C`
j the binomial coefficient `!

j!(`−j)! , Pn
j the

permutation coefficient n!
(n−j)! , 〈·, ·〉 the inner product defined between two real valued functions α

and β by 〈α, β〉 =
∫

α(x)β(x)dx,(or
∑∞

`=0 α(`)β(`) when α and β are real sequences), and ej (·)
the elementary symmetric function [3] of order j defined for a finite set Z of real numbers by

ej (Z) =
∑

S⊆Z,|S|=j

(∏
ζ∈Sζ

)
,with e0 (Z) = 1 by convention and |S| the cardinality of a set S.

The CPHD recursion rests on the following assumptions regarding the target dynamics and observations:

• Each target evolves and generates measurements independently of one another;

• The birth RFS and the surviving RFSs are independent of each other;

• The clutter RFS is an i.i.d cluster process1 and independent of the measurement RFSs;

• The prior and predicted multi-target RFSs are i.i.d cluster processes.

Let vk|k−1 and ρk|k−1 denote the intensity and cardinality distribution associated with the predicted

multi-target state, and let vk and ρk denote the intensity and cardinality distribution associated with

the posterior multi-target state. The intensity and cardinality distribution are summary statistics of the

underlying RFS. The intensity of an RFS is analogous to the mean of a random variable. The cardinality

distribution describes, probabilistically, the number of elements in an RFS. We refer the reader to [8] for

the construction of an approximate RFS density from these statistics. The following propositions, which

constitute the prediction and update step of the CPHD filter, show explicitly how the posterior intensity

and posterior cardinality distribution are jointly propagated in time [8], [11].

Proposition 1 If at time k − 1, the posterior cardinality distribution ρk−1 and posterior intensity vk−1

are given, then the predicted cardinality distribution ρk|k−1 and predicted intensity vk|k−1 are given by

ρk|k−1(n) =
n∑

j=0

ρΓ,k(n− j)Πk|k−1[vk−1, ρk−1](j), (1)

vk|k−1(x) = γk(x) +
∫

pS,k(ζ)fk|k−1(x|ζ)vk−1(ζ)dζ, (2)

where

Πk|k−1[v, ρ](j) =
∞∑

`=j

C`
jρ(`)

〈pS,k, v〉j〈1− pS,k, v〉`−j

〈1, v〉`
,

ρΓ,k(·) = cardinality distribution of birth RFS,

γk(·) = intensity function of birth RFS,

pS,k(ζ) = probability of survival to time k given state ζ at time k − 1,

fk|k−1(x|ζ) = single target Markov transition density from from k − 1 to time k.

1See [30] for more details on i.i.d. cluster process.
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Proposition 2 If at time k, the predicted cardinality distribution ρk|k−1 and predicted intensity vk|k−1

are given, then for a given measurement set Zk, the updated cardinality distribution ρk and updated

intensity vk are given by

ρk(n)=
Υ0

k[vk|k−1; Zk](n)ρk|k−1(n)
〈Υ0

k[vk|k−1; Zk], ρk|k−1〉
, (3)

vk(x)=

[
qD,k(x)

〈Υ1
k[vk|k−1; Zk], ρk|k−1〉

〈Υ0
k[vk|k−1; Zk], ρk|k−1〉

+
∑

z∈Zk

ψk,z(x)
〈Υ1

k[vk|k−1;Zk−{z}], ρk|k−1〉
〈Υ0

k[vk|k−1;Zk], ρk|k−1〉

]
vk|k−1(x), (4)

where

Υu
k [v, Z](n) =

min(|Z|,n)∑

j=0

(|Z|−j)!ρK,k(|Z|−j)Pn
j+u

〈1−pD,k, v〉n−(j+u)

〈1, v〉n ej (Ξk(v, Z)) , (5)

ψk,z(x) =
〈1, κk〉
κk(z)

gk(z|x)pD,k(x), (6)

Ξk(v, Z) = {〈v, ψk,z〉 : z ∈ Z} , (7)

pD,k(x) = probability of detection of state x at time k, (8)

qD,k(x) = 1− pD,k(x), (9)

gk(z|x) = single target measurement likelihood at time k, (10)

ρK,k(·) = cardinality distribution of clutter RFS at time k, (11)

κk(·) = intensity function of clutter RFS at time k, (12)

If the cardinalities of the RFS involved are Poisson distributed, then the above propositions reduce to

the PHD recursion [7]

vk|k−1(x)=γk(x) +
∫

pS,k(ζ)fk|k−1(x|ζ)vk−1(ζ)dζ,

vk(x)=

[
qD,k(x) +

∑

z∈Zk

pD,k(x)gk(z|x)
κk(z) + 〈pD,kgk(z|·), vk|k−1〉

]
vk|k−1(x).

III. CPHD FILTERING WITH UNKNOWN CLUTTER RATE

The underlying idea in this development is to model clutter by a random finite set of ‘false targets’

or ‘generator objects’ (distinct from actual targets) which are specified by standard type models for

births/deaths and transitions as well as misses/detections and measurements (also distinct from the

respective models for actual targets). The multi target state is then the finite set of actual targets and

clutter generators, which is to be estimated from the sequence of finite sets of observations generated

by them. Estimation of the hybrid state of targets/objects then yields information on the number and

individual states of actual targets in addition to the unknown clutter rate. In the following, we derive the

CPHD recursion, which propagates separate intensity functions for the two target types, jointly alongside

the cardinality distribution of all targets/objects, i.e. both actual and clutter.
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A. Hybrid State Space Model

Let X (1) denote the state space for actual targets, X (0) denote the state space for clutter generators,

and Z denote a common observation space. Define the hybrid state space

Ẍ = X (1)]X (0),

where ] denotes a disjoint union. The double dot notation is used throughout to denote a function or

variable defined on the hybrid state space, i.e. denote ẍ ∈ Ẍ for a hybrid state as opposed to x ∈ X (1)

or c ∈ X (0) for actual or clutter states. The integral of a function f̈ : Ẍ → R is given by
∫

Ẍ
f̈(ẍ)dẍ =

∫

X (1)

f̈(x)dx +
∫

X (0)

f̈(c)dc,

It is assumed throughout that actual targets and clutter objects are statistically independent. Where

necessary, a superscript (1) is used to denote functions or variables pertaining to actual targets, while a

superscript (0) is used to denote functions or variables on the space of clutter objects. For any space X ,

let F(X ) denotes the set of all finite subsets of X .

Suppose at time k−1 that hybrid multi-target state Ẍk−1 ∈ F(Ẍ ) is given by the disjoint union of actual

and clutter states respectively, i.e. Ẍk−1 = X
(1)
k−1]X

(0)
k−1 where X

(1)
k−1 ∈ F(X (1)) and X

(0)
k−1 ∈ F(X (0)).

At time k, the multi-target state evolves to Ẍk ∈ F(Ẍ ) and is given by the disjoint union of finite set

states of transitioned actual targets and finite set states of clutter generators respectively at time k, i.e.

Ẍk = X
(1)
k ]X

(0)
k . (13)

where X
(1)
k ∈ F(X (1)) and X

(0)
k ∈ F(X (0)). The actual multi-target state and clutter multi-target state

at time k are given by the union of surviving states and new births respectively, i.e.

X
(1)
k =

⋃
xk−1∈X

(1)
k−1

S
(1)
k|k−1(xk−1) ∪ Γ(1)

k , (14)

X
(0)
k =

⋃
ck−1∈X

(0)
k−1

S
(0)
k|k−1(ck−1) ∪ Γ(0)

k , (15)

and S
(1)
k|k−1(xk−1) is an RFS which takes on the empty set ∅ with probability 1 − p

(1)
S,k(xk−1) or a

singleton {xk} ∈ X (1) with probability density p
(1)
S,k(xk−1)f

(1)
k|k−1(xk|xk−1). Similarly, S

(0)
k|k−1(ck−1) is

an RFS which takes on the empty set ∅ with probability 1− p
(0)
S,k(ck−1) or a singleton {ck} ∈ X (0) with

probability density p
(0)
S,k(ck−1)f

(0)
k|k−1(ck|ck−1). Also, Γ(1)

k and Γ(0)
k are RFSs with realizations in X (1) and

X (0) respectively of new births for actual and clutter targets, described by intensity functions γ
(1)
k and γ

(0)
k

and cardinality distributions ρ
(1)
Γ,k and ρ

(0)
Γ,k respectively. Consequently, the RFS of all (actual and clutter)

target births Γ(1)
k ] Γ(0)

k has cardinality distribution ρ̈Γ,k = ρ
(1)
Γ,k ∗ ρ

(0)
Γ,k (where ∗ denotes a convolution)

and intensity function γ̈k = γ
(1)
k + γ

(0)
k . It is assumed that conditional on X

(1)
k−1 and X

(0)
k−1 respectively,

the RFSs S
(1)
k|k−1(·) and S

(0)
k|k−1(·) are statistically independent. Note that actual targets cannot become

clutter objects and vice-versa. To simplify notations, it is assumed that clutter generators are identical,
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and hence it is possible to ignore any functional dependence on the actual state of a clutter generator. A

theoretically more general approach that does not rely on these assumptions, is presented in [20], [21].

At time k, the hybrid multi-target state Ẍk produces a finite set of measurements Zk ∈ F(Z) given

by the union of measurements produced by actual and clutter states, i.e.

Zk = D
(1)
k (X(1)

k ) ∪D
(0)
k (X(0)

k ), (16)

where

D
(1)
k (X(1)

k ) =
⋃

xk∈X
(1)
k

Θ(1)
k (xk), (17)

D
(0)
k (X(0)

k ) =
⋃

i=1,...,|X(0)
k |Θ

(0)
k,i , (18)

with Θ(1)
k (xk) being an RFS which takes on the empty set ∅ with probability q

(1)
D,k(xk) = 1− p

(1)
D,k(xk)

or a singleton {zk} ∈ Z with probability density p
(1)
D,k(xk)gk(zk|xk), and for each i = 1, ..., |X(0)

k |, Θ(0)
k,i

is an RFS which takes on the empty set ∅ with probability q
(0)
D,k = 1− p

(0)
D,k or a singleton {zk} ∈ Z

with probability density p
(0)
D,kκ̃k(zk). It is implicitly assumed that conditional on Xk, the RFSs in the

union of (17) and (18) are statistically independent. Since clutter generators are identical, they have

the same spatial measurement distribution, can generate at most one return at each time, and have the

same detection or generation probability. These are reasonable modelling assumptions considering the

little amount of available statistical information on clutter. Note the difference between the clutter model

adopted here and the standard one: clutter is not Poisson but is binomial (given by clutter generators).

B. Recursion

The CPHD filter with unknown clutter rate jointly propagates the posterior intensity v̈k(·) and posterior

cardinality distribution ρ̈k(·) of the hybrid state Ẍk. Due to the construction of the hybrid state space as

a disjoint union of actual target and clutter generator spaces, the intensity v̈k(·) is decomposable into

v̈k(ẍ) =





v
(1)
k (x), ẍ = x

v
(0)
k (c), ẍ = c

where v
(1)
k (·) and v

(0)
k (·) are the intensities for actual and clutter targets respectively. Thus it is sufficient

to propagate the respective intensities for actual and clutter targets v
(1)
k (·) and v

(0)
k (·) alongside the

hybrid cardinality distribution ρ̈k(·). Moreover, the posterior intensity v
(0)
k (·) of the clutter generators

is characterized by the posterior mean number of clutter generators N
(0)
k , since the detections or false

alarms generated by clutter targets do not depend on the actual value of the clutter state c. The estimated

posterior mean clutter rate is simply λk = N
(0)
k p

(0)
D,k since the cardinality distribution of clutter is binomial.

Consequently, the CPHD filter for unknown clutter rate recursively propagates the following quantities:

the posterior intensity v
(1)
k (·) of the actual target states, N

(0)
k the posterior mean number of clutter

generators, and ρ̈k(·) the posterior cardinality distribution of all targets including actual and clutter.
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Remark: The posterior cardinality ρ̈k(n̈) of the hybrid state gives only information on the total number

of actual and clutter targets. It is important to note that as a consequence of adopting a hybrid state

space, the posterior mode N̈k = arg maxn̈ ρ̈k(n̈) cannot be used to estimate the number of actual targets,

since this will include both actual targets and clutter generators. Instead, only the posterior mean N
(1)
k =〈

1, v
(1)
k

〉
can be used as an actual target number estimate.

Remark: The independence of the clutter returns from their clutter state values means that it is sufficient

to specify the model for clutter completely in terms of: the mean number of clutter births N
(0)
Γ,k =

〈
1, γ

(0)
k

〉

and constant probability of clutter target survival p
(0)
S,k, as well as the spatial likelihood κ̃k(·) and constant

probability of clutter target detection p
(0)
D,k. It is not necessary to specify explicit forms for the transition

density f
(0)
k|k−1(·|·) and birth intensity γ

(0)
k (·).

The following results follow directly from substituting the hybrid state space model parameters into

the conventional CPHD recursion, hence the proof is omitted. Notice that the use of clutter generators

to model false alarms eliminates the calculation of the elementary symmetric functions and enforces

the updated cardinality distribution to be zero for each argument up until n̈ = |Zk|. The resulting filter

has a linear complexity in the number of measurements at the expense of less informative actual target

cardinality.

Proposition 3 If at time k−1, the posterior intensity for actual targets v
(1)
k−1, the posterior mean number

of clutter generators N
(0)
k−1, and the posterior hybrid cardinality distribution ρ̈k−1, are given, then their

respective predictions to time k are given by

v
(1)
k|k−1(x) = γ

(1)
k (x) +

∫
p
(1)
S,k(ζ)f (1)

k|k−1(x|ζ)v(1)
k−1(ζ)dζ, (19)

N
(0)
k|k−1 = N

(0)
Γ,k + p

(0)
S,kN

(0)
k−1, (20)

ρ̈k|k−1(n̈) =
n̈∑

j=0

ρ̈Γ,k(n̈− j)
∞∑

`=j

C`
j ρ̈k−1(`)

(
1− 〈v(1)

k−1,p
(1)
S,k〉+N

(0)
k−1p

(0)
S,k

〈1,v
(1)
k−1〉+N

(0)
k−1

)`−j (〈v(1)
k−1,p

(1)
S,k〉+N

(0)
k−1p

(0)
S,k

〈1,v
(1)
k−1〉+N

(0)
k−1

)j

,

(21)

Proposition 4 If at time k, the predicted intensity for actual targets v
(1)
k|k−1, the predicted mean number

of clutter generators N
(0)
k|k−1, the predicted hybrid cardinality distribution ρ̈k|k−1, are given, then their

respective updates for a given sensor measurement set Zk at time k are given by

v
(1)
k (x)=


q

(1)
D,k(x)

〈Ϋ1
k[v̈k|k−1Zk],ρ̈k|k−1〉

〈Ϋ0
k[v̈k|k−1Zk],ρ̈k|k−1〉〈

1, v
(1)
k|k−1

〉
+ N

(0)
k|k−1

+
∑

z∈Zk

p
(1)
D,k(x)gk(z|x)

p
(0)
D,kN

(0)
k|k−1κ̃k(z)+

〈
v

(1)
k|k−1, p

(1)
D,kgk(z|·)

〉


v

(1)
k|k−1(x), (22)

N
(0)
k =


q

(0)
D,k

〈Ϋ1
k[v̈k|k−1Zk],ρ̈k|k−1〉

〈Ϋ0
k[v̈k|k−1Zk],ρ̈k|k−1〉〈

1, v
(1)
k|k−1

〉
+ N

(0)
k|k−1

+
∑

z∈Zk

p
(0)
D,kκ̃k(z)

p
(0)
D,kN

(0)
k|k−1κ̃k(z)+

〈
v

(1)
k|k−1, p

(1)
D,kgk(z|·)

〉


N

(0)
k|k−1 (23)
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ρ̈k(n̈)=





0 n̈ < |Zk|
ρ̈k|k−1(n̈)Ϋ0

k[v̈k|k−1Zk](n̈)

〈ρ̈k|k−1,Ϋ0
k〉 n̈ ≥ |Zk|

(24)

where

Ϋu
k [v̈k|k−1Zk](n̈) =





0 n̈ < |Zk|+ u

P n̈
|Zk|+uΦn̈−(|Zk|+u) n̈ ≥ |Zk|+ u

, (25)

Φ = 1− 〈v(1)
k|k−1,p

(1)
D,k〉+N

(0)
k|k−1p

(0)
D,k

〈1,v
(1)
k|k−1〉+N

(0)
k|k−1

If the cardinalities of the RFS involved are Poisson distributed, the above propositions reduce to the

following PHD recursion for unknown clutter rate:

v
(1)
k|k−1(x) = γ

(1)
k (x) +

∫
p
(1)
S,k(ζ)f (1)

k|k−1(x|ζ)v(1)
k−1(ζ)dζ, (26)

N
(0)
k|k−1 =

〈
1, γ

(0)
k

〉
+ p

(0)
S,kN

(0)
k−1, (27)

v
(1)
k (x) =


q

(1)
D,k(x) +

∑

z∈Zk

p
(1)
D,k(x)gk(z|x)

p
(0)
D,kN

(0)
k|k−1κ̃k(z) +

〈
v

(1)
k|k−1, p

(1)
D,kgk(z|·)

〉

 v

(1)
k|k−1(x), (28)

N
(0)
k =


q

(0)
D,k(x) +

∑

z∈Zk

p
(0)
D,kκ̃k(z)

p
(0)
D,kN

(0)
k|k−1κ̃k(z) +

〈
v

(1)
k|k−1, p

(1)
D,kgk(z|·)

〉

N

(0)
k|k−1. (29)

C. Analytic Implementation

A closed form solution to the CPHD recursion with unknown clutter rate can be derived via Gaussian

mixtures in a similar manner to that for the conventional CPHD recursion. In the following, N (·; m,P )

denotes a Gaussian density with mean m and covariance P . Consider the following standard linear

Gaussian assumptions for the transition and observation models of individual targets, as well as certain

assumptions on the birth, death and detection of targets:

• Each actual target follows a linear Gaussian dynamical model i.e.

f
(1)
k|k−1(x|ζ) = N (x; Fk−1ζ, Qk−1), (30)

gk(z|x) = N (z; Hkx,Rk), (31)

where Fk−1 is the state transition matrix, Qk−1 is the process noise covariance, Hk is the observation

matrix, and Rk is the observation noise covariance.

• The survival and detection probabilities for actual targets/object are state independent, i.e.

p
(1)
S,k(x) = p

(1)
S,k, (32)

p
(1)
D,k(x) = p

(1)
D,k. (33)
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• The intensity of the actual target birth RFS is a Gaussian mixture of the form

γ
(1)
k (x) =

Jγ,k∑

i=1

w
(i)
γ,kN (x; m(i)

γ,k, P
(i)
γ,k). (34)

where Jγ,k, w
(i)
γ,k, m

(i)
γ,k, P

(i)
γ,k, i = 1, . . . , Jγ,k, are given model parameters.

Remark: Refer to the previous remark for the model specification of clutter returns.

The following results are straightforward adaptations of the Gaussian mixture solution to the

conventional CPHD recursion [11].

Proposition 5 If at time k−1, the posterior intensity v
(1)
k−1, posterior mean number of clutter generators

N
(0)
k−1, posterior hybrid cardinality distribution ρ̈k−1, are given, and v

(1)
k−1 is a Gaussian mixture given by

v
(1)
k−1(x) =

Jk−1∑

i=1

w
(i)
k−1N (x; m(i)

k−1, P
(i)
k−1), (35)

then, the predicted intensity v
(1)
k|k−1 is also a Gaussian mixture, and

v
(1)
k|k−1(x) = p

(1)
S,k

Jk−1∑

j=1

w
(j)
k−1N (x; m(j)

S,k|k−1, P
(j)
S,k|k−1) + γ

(1)
k (x), (36)

N
(0)
k|k−1 = N

(0)
Γ,k + p

(0)
S,kN

(0)
k−1, (37)

ρ̈k|k−1(n̈) =
n̈∑

j=0

ρ̈Γ,k(n̈− j)
∞∑

`=j

C`
j ρ̈k−1(`)

(
1− p

(1)
S,k

∑Jk−1
i=1 w

(i)
k−1+p

(0)
S,kN

(0)
k−1∑Jk−1

i=1 w
(i)
k−1+N

(0)
k−1

)`−j (
p
(1)
S,k

∑Jk−1
i=1 w

(i)
k−1+p

(0)
S,kN

(0)
k−1∑Jk−1

i=1 w
(i)
k−1+N

(0)
k−1

)j

,

(38)

where γ
(1)
k (x) is given in (34),

m
(j)
S,k|k−1 = Fk−1m

(j)
k−1, (39)

P
(j)
S,k|k−1 = Qk−1 + Fk−1P

(j)
k−1F

T
k−1. (40)

Proposition 6 If at time k, the predicted intensity v
(1)
k|k−1, predicted mean number of clutter generators

N
(0)
k|k−1, predicted hybrid cardinality distribution ρ̈k|k−1, are all given, and v

(1)
k|k−1 is a Gaussian mixture

given by

v
(1)
k|k−1(x) =

Jk|k−1∑

i=1

w
(i)
k|k−1N (x; m(i)

k|k−1, P
(i)
k|k−1), (41)

then, given a measurement set Zk, the updated intensity v
(1)
k is also a Gaussian mixture, and

v
(1)
k (x)=q

(1)
D,k

〈Ψ̈1
k[v̈k|k−1Zk],ρ̈k|k−1〉

〈Ψ̈0
k[v̈k|k−1Zk],ρ̈k|k−1〉∑Jk|k−1

i=1 w
(i)
k|k−1 + N

(0)
k|k−1

v
(1)
k|k−1(x) +

∑

z∈Zk

Jk|k−1∑

j=1

w
(j)
D,k(z)N(x; m(j)

k (z), P (j)
k ),

N
(0)
k =


q

(0)
D,k

〈Ψ̈1
k[v̈k|k−1Zk],ρ̈k|k−1〉

〈Ψ̈0
k[v̈k|k−1Zk],ρ̈k|k−1〉∑Jk|k−1

i=1 w
(i)
k|k−1+N

(0)
k|k−1

+
∑

z∈Zk

p
(0)
D,kκ̃k(z)

p
(0)
D,kN

(0)
k|k−1κ̃k(z)+p

(1)
D,k

∑Jk|k−1

i=1 w
(i)
k|k−1q

(j)
k (z)


N

(0)
k|k−1
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ρ̈k(n̈)=





0 n̈ < |Zk|
ρ̈k|k−1(n̈)Ψ̈0

k[v̈k|k−1Zk](n̈)

〈ρ̈k|k−1,Ψ̈0
k〉 n̈ ≥ |Zk|

(42)

where

Ψ̈u
k [Φk|k−1Zk](n̈) =





0 n̈ < |Zk|+ u

P n̈
|Zk|+uΦn̈−(|Zk|+u)

k|k−1 n̈ ≥ |Zk|+ u
, (43)

Φk|k−1 = 1− p
(1)
D,k

∑Jk|k−1
i=1 w

(i)
k|k−1+p

(0)
D,kN

(0)
k|k−1∑Jk|k−1

i=1 w
(i)
k|k−1+N

(0)
k|k−1

,

w
(j)
D,k(z) =

p
(1)
D,kw

(j)
k|k−1q

(j)
k (z)

p
(0)
D,kN

(0)
k|k−1κ̃k(z)+p

(1)
D,k

∑Jk|k−1
i=1 w

(i)
k|k−1q

(j)
k (z)

, (44)

q
(j)
k (z) = N (z; Hkm

(j)
k|k−1,HkP

(j)
k|k−1H

T
k + Rk), (45)

m
(j)
k (z) = m

(j)
k|k−1 + K

(j)
k (z −Hkm

(j)
k|k−1), (46)

P
(j)
k = [I −K

(j)
k Hk]P

(j)
k|k−1, (47)

K
(j)
k = P

(j)
k|k−1H

T
k

[
HkP

(j)
k|k−1H

T
k + Rk

]−1
. (48)

Estimates for the mean number of actual targets and mean clutter rate are N̂
(1)
k =

∑Jk

j=1 w
(j)
k and λ̂k =

N
(0)
k p

(0)
D,k respectively. In implementations, pruning and merging of mixture components is required to

prevent an exponential increase in the total number of components and truncation of posterior cardinality

at a sufficiently high number of terms is required to enable a tractable propagation. These procedures are

exactly the same as those for the implementation of the conventional CPHD and PHD filters [10], [11].

IV. CPHD FILTERING WITH UNKNOWN DETECTION PROFILE

The basic idea in this development is to augment the unknown detection probability into the single

target state. This approach can accommodate (spatially) non-uniform detection profiles. Estimation of the

augmented state of targets then yields information on the number of targets, as well as the individual

kinematic states and the unknown detection probability for the particular target. In the following, we

derive the CPHD recursion for the augmented state model, which propagates the cardinality distribution

of targets and the intensity function involving the augmented state.

A. Augmented State Space Model

Let X (∆) = [0, 1] denote the state space for the unknown detection probability. Define the augmented

state space

X = X (1)×X (∆),

where × denotes a Cartesian product. The underscore notation is used throughout to denote a function

or variable defined on the augmented state space, i.e. denote x = [x, a] ∈ X for an augmented state
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where x ∈ X (1) for the kinematic state and a ∈ X (∆) = [0, 1] for the augmented part. The integral of a

function f : X→ R is given by
∫

X
f(x)dx =

∫

X (∆)

∫

X (1)

f(x, a)dxda.

The multi-target transition and measurement models are essentially the same as in the conventional

case, except that the single-target transition and measurement models are extended to accommodate the

augmented state. For consistency in notations, the superscript (1) will continue to be used to denote

functions or variables on the space of actual targets. Note that the conventional model applies for clutter,

hence no clutter targets and no superscript (0) will be encountered in this subsection.

The single target survival probability and transition density for augmented states are simply

p
S,k

(x) = p
S,k

(x, a) = p
(1)
S,k(x), (49)

f
k|k−1

(x|ζ) = f
k|k−1

(x, a|ζ, α) = f
(1)
k|k−1(x|ζ)f (∆)

k|k−1(a|α). (50)

Target births are given by an intensity γ
(1)
k (·) for augmented states as well as corresponding usual

cardinality distribution ρ
(1)
Γ,k(·). The single target detection probability and measurement likelihood for

augmented states are

p
D,k

(x) = p
D,k

(x, a) = a, (51)

g
k
(z|x) = g

k
(z|x, a) = gk(z|x). (52)

Clutter follows the conventional CPHD model given by Poisson false alarms with intensity function κk(·).

B. Recursion

The derivation of the CPHD recursion for an augmented state model featuring unknown probability

of detection is straightforward. It is a matter of substituting the single target motion and observation

models for the augmented state into the conventional CPHD recursion given by Propositions 1 and 2. The

resultant CPHD recursion propagates the posterior cardinality distribution ρk(·) and the posterior intensity

function v
(1)
k (·, ·) for the augmented state which now includes the unknown probability of detection. The

following results are direct consequences of substituting the augmented state space model parameters

into the conventional CPHD recursion, hence the proof is omitted. The new recursion retains the cubic

complexity in measurements of the conventional CPHD recursion, since the conventional model for false

alarms is used and consequently the computation of elementary symmetric functions is still required.

Proposition 7 If at time k − 1, the posterior intensity v
(1)
k−1 and posterior cardinality distribution ρk−1

are given, then the predicted cardinality distribution ρk|k−1 and predicted intensity v
(1)
k|k−1 are given by

ρk|k−1(n) =
n∑

j=0

ρ
(1)
Γ,k(n− j)Πk|k−1[v

(1)
k−1, ρk−1](j), (53)
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v
(1)
k|k−1(x, a) = γ(1)

k
(x, a) +

∫ ∫ 1

0
pS,k(ζ)f (∆)

k|k−1(a|α)f (1)
k|k−1(x|ζ)v(1)

k−1(α, ζ)dαdζ, (54)

where

Πk|k−1[v, ρ](j) =
∞∑

`=j

C`
jρ(`)

〈pS,k, v〉j〈1− pS,k, v〉`−j

〈1, v〉`
.

Proposition 8 If at time k, the predicted intensity v
(1)
k|k−1 and predicted cardinality distribution ρk|k−1

are given, then for a given measurement set Zk, the updated cardinality distribution ρk and updated

intensity v
(1)
k are given by

ρk(n)=
Υ0

k[v
(1)
k|k−1; Zk](n)ρk|k−1(n)

〈Υ0
k[v

(1)
k|k−1; Zk], ρk|k−1〉

, (55)

v
(1)
k (x, a)=


(1−a)

〈Υ1
k[v

(1)
k|k−1; Zk], ρk|k−1〉

〈Υ0
k[v

(1)
k|k−1; Zk], ρk|k−1〉

+
∑

z∈Zk

ψ
k,z

(x, a)
〈Υ1

k[v
(1)
k|k−1; Zk−{z}], ρk|k−1〉

〈Υ0
k[v

(1)
k|k−1; Zk], ρk|k−1〉


v

(1)
k|k−1(x, a),

(56)

where

Υu
k [v(1)

k|k−1, Zk](n) =
min(|Zk|,n)∑

j=0

(|Zk|−j)!pK,k(|Zk|−j)Pn
j+u

〈1−p
D,k

,v
(1)
k|k−1〉

n−(j+u)

〈1,v
(1)
k|k−1〉

n ej

(
Ξk(v

(1)
k|k−1, Zk)

)
, (57)

p
D,k

(x, a)= a, (58)

ψ
k,z

(x, a) = 〈1,κk〉
κk(z) gk(z|x) · a, (59)

Ξk(v
(1)
k|k−1, Zk) =

{
〈v(1)

k|k−1, ψk,z
〉 : z ∈ Zk

}
. (60)

Unlike the unknown clutter case, in CPHD filtering with unknown detection profile, estimates of the

number of targets can be obtained as usual with the mode N
(1)
k = arg maxn ρk(n) derived from the

cardinality distribution or the mean N
(1)
k =

〈
1, v

(1)
k

〉
derived from the intensity function.

The following shows the reduction to the PHD recursion when the cardinalities of the RFS involved

are Poisson distributed:

v
(1)
k|k−1(x, a) = γ

k
(x, a) +

∫ ∫ 1

0
pS,k(ζ)f (∆)

k|k−1(a|α)f (1)
k|k−1(x|ζ)v(1)

k−1(α, ζ)dαdζ, (61)

v
(1)
k (x, a) = [1− a]v(1)

k|k−1(x, a)+
∑

z∈Zk

a · gk(z|x)v(1)
k|k−1(x, a)

κk(z) + 〈p
D,k

gk(z|·), v(1)
k|k−1〉

. (62)

C. Analytic Implementation

A closed form implementation for the CPHD recursion with unknown detection profile is derived based

on Beta Gaussian mixtures. The Gaussian distribution is used to model the kinematic part of the state

while the Beta distribution is used to model the augmented part of the state. Note that the measurement-

update equation for the CPHD filter involves factors of both “a” and “1 − a”, which after multiple
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recursions, result in products of the form as(1 − a)t. Beta distributions are introduced naturally as an

implementation strategy. The term Beta Gaussian distribution is used to refer to a product of a Beta and

a Gaussian distribution, and the term Beta Gaussian mixture to refer to a weighted sum of the former.

In the following, β(·; s, t) denotes a Beta distribution with parameters s > 1 and t > 1, with mean

µβ = s
s+t and variance σ2

β = st
(s+t)2(s+t+1) . Also denote by B(s, t) =

∫ 1
0 as−1(1 − a)t−1da the Beta

function evaluated at s, t. As before, N (·; m,P ) denotes a Gaussian density with mean m and covariance

P . Consider the following Beta and Gaussian assumptions:

• Target kinematics are linear Gaussian as given by (30)-(31).

• The survival probability for targets are state independent (32) but the detection probability is the

augmented part of the state (51).

• The intensity of the target birth RFS is a Beta Gaussian mixture of the form

γ(1)
k

(x, a) =
Jγ,k∑

i=1

w
(i)
γ,kβ(a; s(i)

γ,k, t
(i)
γ,k)N (x;m(i)

γ,k, P
(i)
γ,k), (63)

where Jγ,k, w
(i)
γ,k, s

(i)
γ,k, t

(i)
γ,k, m

(i)
γ,k, P

(i)
γ,k, i = 1, . . . , Jγ,k, are given model parameters.

• The time-prediction for the augmented variable a is completely governed by Beta densities

(independent of the kinematic variable x)

β(a; sk−1, tk−1) → β(a; sk|k−1, tk|k−1), (64)

and preserves the mean µβ,k|k−1 = µβ,k−1 but dilates the variance σ2
β,k|k−1 = kβσ2

β,k−1 by a

prescribed factor kβ > 0 (a typical choice is kβ > 1 which enlarges the predicted variance).

Remark: For reasons of consistency, the parameters must be chosen such that σ2
β,k|k−1 < µβ,k−1(1−

µβ,k−1). This choice of parameters is analogous to a random walk model for the augmented part of the

state. In essence, in the prediction, we effectively maintain the mean of the augmented part of the state

while increasing its uncertainty. This is consistent with physical intuition. It can be easily verified that

the updated parameters which satisfy the mean and variance constraints are given by

sk|k−1 =
(

µβ,k|k−1(1−µβ,k|k−1)
σ2

β,k|k−1
− 1

)
µβ,k|k−1, (65)

tk|k−1 =
(

µβ,k|k−1(1−µβ,k|k−1)
σ2

β,k|k−1
− 1

)
(1− µβ,k|k−1). (66)

Other choices for the prediction model are possible but will not be considered further here.

Under these assumptions, the following propositions present an analytic solution to the CPHD filter

with unknown detection profile.

Proposition 9 If at time k − 1, the posterior intensity v
(1)
k−1 and posterior cardinality distribution ρk−1

are given, and v
(1)
k−1 is a Beta Gaussian mixture of the form

v
(1)
k−1(x, a) =

Jk−1∑

i=1

w
(i)
k−1β(a; s(i)

k−1, t
(i)
k−1)N (x; m(i)

k−1, P
(i)
k−1), (67)
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then, the predicted intensity vk|k−1 is also a Beta Gaussian mixture, and the prediction is given by

ρk|k−1(n) =
n∑

j=0

ρΓ,k(n− j)
∞∑

`=j

C`
jρk−1(`)〈p(1)

S,k, v
(1)
k−1〉

j (
1− p

(1)
S,k

)`−j
, (68)

v
(1)
k|k−1(x, a) = p

(1)
S,k

Jk−1∑

j=1

w
(j)
k−1β(a; s(j)

S,k|k−1, t
(j)
S,k|k−1)N (x;m(j)

S,k|k−1, P
(j)
S,k|k−1) + γ(1)

k
(x, a), (69)

where γ
(1)
k (x, a) is given in (34),

s
(j)
S,k|k−1 =

(
µ

(j)
β,k|k−1(1−µ

(j)
β,k|k−1)

[σ
(j)
β,k|k−1]

2
− 1

)
µ

(j)
β,k|k−1 (70)

t
(j)
S,k|k−1 =

(
µ

(j)
β,k|k−1(1−µ

(j)
β,k|k−1)

[σ
(j)
β,k|k−1]

2
− 1

)
(1− µ

(j)
β,k|k−1) (71)

m
(j)
S,k|k−1 = Fk−1m

(j)
k−1, (72)

P
(j)
S,k|k−1 = Qk−1 + Fk−1P

(j)
k−1F

T
k−1. (73)

and the parameters µ
(j)
β,k|k−1 = µ

(j)
β,k−1 = s

(j)
k−1

s
(j)
k−1+t

(j)
k−1

and [σ(j)
β,k|k−1]

2 = |kβ|[σ(j)
β,k−1]

2 =

|kβ| s
(j)
k−1t

(j)
k−1

(s
(j)
k−1+t

(j)
k−1)

2(s
(j)
k−1+t

(j)
k−1+1)

are the predicted (preserved) mean and (enlarged) variance for the jth

component of the augmented part of the state.

A formal proof is straightforward and only an outline is given here. The previous intensity is a Beta-

Gaussian mixture, where each component of the mixure is a product of a Beta density (on the augmented

part of the state) and a Gaussian density (on the kinematic part of the state). The prediction of each

Beta-Gaussian component is then given by the prediction of the Beta part multiplied by the prediction

of the Gaussian part. The prediction of the Gaussian part follows from the Gaussian Mixture solution

to the conventional CPHD recursion [11]. The prediction for the Beta part follows directly from the last

assumption in the above single target model.

Proposition 10 If at time k, the predicted intensity v
(1)
k|k−1 and predicted cardinality distribution ρk|k−1

are given, and v
(1)
k|k−1 is a Beta Gaussian mixture of the form

v
(1)
k|k−1(x, a) =

Jk|k−1∑

i=1

w
(i)
k|k−1β(a; s(i)

k|k−1, t
(i)
k|k−1)N (x; m(i)

k|k−1, P
(i)
k|k−1), (74)

then, given a measurement set Zk, the updated intensity v
(1)
k is also a Beta Gaussian mixture, and

ρk(n) =
Ψ0

k[dk|k−1, wk|k−1, Zk](n)ρk|k−1(n)

〈Ψ0
k[dk|k−1, wk|k−1, Zk], ρk|k−1〉

, (75)

v
(1)
k (x, a) =

Jk|k−1∑

j=1

w
(j)
M,kβ(a; s(j)

k|k−1, t
(j)
k|k−1 + 1)N (x; m(j)

k|k−1, P
(j)
k|k−1)

+
∑

z∈Zk

Jk|k−1∑

j=1

w
(j)
D,k(z)β(a; s(j)

k|k−1 + 1, t
(j)
k|k−1)N(x;m(j)

k (z), P (j)
k ), (76)
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where

Ψu
k [dk|k−1, wk|k−1, Zk](n) =

min(|Zk|,n)∑

j=0

(|Zk|−j)!ρK,k(|Zk|−j)Pn
j+u

〈1− dk|k−1, wk|k−1〉n−(j+u)

〈1, wk|k−1〉n

× ej

(
Λk(dk|k−1, wk|k−1, Zk])

)
, (77)

Λk(dk|k−1, wk|k−1, Zk) =
{〈1, κk〉

κk(z)
∑Jk|k−1

j=1 d
(j)
k|k−1w

(j)
k|k−1q

(j)
k (z) : z ∈ Z

}
, (78)

wk|k−1 = [w(1)
k|k−1, ..., w

(Jk|k−1)
k|k−1 ]T , (79)

dk|k−1 = [d(1)
k|k−1, ..., d

(Jk|k−1)
k|k−1 ]T , (80)

d
(j)
k|k−1 =

s
(j)
k|k−1

s
(j)
k|k−1+t

(1)
k|k−1

, (81)

qk(z) = [q(1)
k (z), ..., q(Jk|k−1)

k (z)]T , (82)

q
(j)
k (z) = N (z; Hkm

(j)
k|k−1,HkP

(j)
k|k−1H

T
k + Rk), (83)

w
(j)
M,k = w

(j)
k|k−1

B(s(j)
k|k−1, t

(j)
k|k−1+1)

B(s(j)
k|k−1, t

(j)
k|k−1)

〈Ψ1
k[dk|k−1, wk|k−1, Zk],ρk|k−1〉

〈Ψ0
k[dk|k−1, wk|k−1, Zk],ρk|k−1〉

, (84)

w
(j)
D,k(z) = w

(j)
k|k−1

q
(j)
k (z)
κk(z)
〈1,κk〉

B(s(j)
k|k−1+1, t

(j)
k|k−1)

B(s(j)
k|k−1, t

(j)
k|k−1)

〈Ψ1
k[dk|k−1, wk|k−1, Zk−{z}], ρk|k−1〉
〈Ψ0

k[dk|k−1, wk|k−1, Zk], ρk|k−1〉
, (85)

m
(j)
k (z) = m

(j)
k|k−1 + K

(j)
k (z −Hkm

(j)
k|k−1), (86)

P
(j)
k = [I −K

(j)
k Hk]P

(j)
k|k−1, (87)

K
(j)
k = P

(j)
k|k−1H

T
k

[
HkP

(j)
k|k−1H

T
k + Rk

]−1
. (88)

A formal proof is straightforward but cumbersome and will not be shown here. Instead we outline the

core idea behind the result. The predicted intensity is a Beta-Gaussian mixture, where each component

of the mixure is a product of a Beta density (on the augmented part of the state) and a Gaussian

density (on the kinematic part of the state). The update of each Beta-Gaussian componenent then

involves computing particular product forms which are described as follows. A product of Gaussians

N (x; m,P )N (z;Hx, R) results in a single weighted Gaussian q(z)N (x; m̃, P̃ ) as per the Gaussian

Mixture solution to the conventional CPHD recursion [11]. The other products encountered are given

by the identities, (1− a)β(a; s, t) = B(s,t+1)
B(s,t) β(a; s, t + 1) and aβ(a; s, t) = B(s+1,t)

B(s,t) β(a; s + 1, t), which

result in weighted Beta densities in a. The update also involves the computation of integrals of the form
∫ ∫

aβ(a; s, t)N (x;m, P )dadx which reduces to s
s+t . Thus, substitution of the Beta-Gaussian mixture

form for the predicted intensity into the expression for the CPHD update with unknown detection profile,

and subsequent algebraic simplification using the previously stated identities yields the required result.

Estimates for the number of targets are derived either from the mean N̂
(1)
k =

∑Jk

j=1 w
(j)
k or the mode

N̂
(1)
k = arg maxn ρk(n). Pruning and merging of mixture components is required to prevent an unbounded
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growth. A simple procedure adapted for the case of Beta Gaussian mixtures is described here. Component

pruning is performed by removing mixture components whose weights fall below a predetermined

threshold T ′. Component merging is performed by using the Hellinger distance 0 < dij < 1 between

two Beta Gaussian components β(a; s(i)
k , t

(i)
k )N (x; m(i)

k , P
(i)
k ) and β(a; s(j)

k , t
(j)
k )N (x; m(j)

k , P
(j)
k )

dij =

√√√√√1−
B

(
s
(i)
k +s

(j)
k

2 ,
t
(i)
k +t

(j)
k

2

)
√

B(s(i)
k , t

(i)
k )B(s(j)

k , t
(j)
k )

√
N (0; m(i)

k −m
(j)
k , P

(i)
k + P

(j)
k )

(det 8π([P (j)
k ]−1 + [P (j)

k ]−1))
1
4

This similarity measure is used to identify groups of mixture components within a certain threshold S′ of a

reference component. Consequently, the entire group indexed by the set I = {i : dij < S′} with reference

component j, is replaced by a single Beta Gaussian component w̃
(j̃)
k β(a; s̃(j̃)

k , t̃
(j̃)
k )N (x; m̃(j̃)

k , P̃
(j̃)
k ) with

matching mean (µ̃(j̃)
β,k, m̃

(j̃)
k ) and approximate covariance ([σ̃(j̃)

β,k]
2, P̃

(j̃)
k ), i.e.

∑
i∈I

w
(i)
k β(a; s(i)

k , t
(i)
k )N (x; m(i)

k , P
(i)
k ) ≈ w̃

(j̃)
k β(a; s̃(j̃)

k , t̃
(j̃)
k )N (x; m̃(j̃)

k , P̃
(j̃)
k ),

where

w̃
(j̃)
k =

∑
i∈Iw

(i)
k , m̃

(j̃)
k = 1

w̃
(j̃)
k

∑
i∈Iw

(i)
k m

(i)
k , P̃

(j̃)
k = 1

w̃
(j̃)
k

∑
i∈Iw

(i)
k P

(i)
k ,

s̃
(j̃)
k =

(
µ̃

(j̃)
β,k(1−µ̃

(j̃)
β,k)

[σ̃
(j̃)
β,k]2

− 1
)

µ̃
(j̃)
β,k, t̃

(j̃)
k =

(
µ̃

(j̃)
β,k(1−µ̃

(j̃)
β,k)

[σ̃
(j̃)
β,k]2

− 1
)

(1− µ̃
(j̃)
β,k),

µ̃
(j̃)
β,k = 1

w̃
(j̃)
k

∑
i∈Iw

(i)
k µ

(i)
β,k, [σ̃(j̃)

β,k]
2 = 1

w̃
(j̃)
k

∑
i∈Iw

(i)
k [σ(i)

β,k]
2,

µ
(i)
β,k = s

(i)
k

s
(i)
k +t

(i)
k

, [σ(i)
β,k]

2 = s
(i)
k t

(i)
k

(s
(i)
k +t

(i)
k )2(s

(i)
k +t

(i)
k +1)

.

Starting with the component with the highest weight, identify all other components which fall within

a certain similarity threshold to the centre of the group, then delete and replace the group with a single

component. The process is repeated until all components have been accounted for. The number of

components is capped to a predetermined value Jmax, retaining only those with the highest weights, and

re-normalizing the remaining weights to preserve the total mass. In addition, truncation of the cardinality

distribution to Nmax terms is required to ensure a tractable propagation.

V. CPHD FILTERING WITH JOINTLY UNKNOWN CLUTTER RATE AND DETECTION PROFILE

To accommodate jointly unknown clutter rate and detection profile, we simply combine the previous two

techniques outlined in Sections III and IV. Consequently, the single target state space is both hybridized

and augmented. Clutter or false alarms are modelled by an unknown and time varying number of clutter

generators. The cardinality distribution of clutter is again binomial. Both actual and clutter targets have

an augmented state variable, in addition to their kinematic states, to describe their unknown and possibly

time varying probability of detection. The state space model, single target models and resultant recursions

are stated formally as follows.
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A. Hybrid and Augmented State Space Model

Define the hybrid and augmented state space

Ẍ = (X (1)×X (∆)) ] (X (0)×X (∆)).

Consistent with previous notations, the double dot is used throughout to denote a function or variable

defined on the hybrid and augmented state space, and the underscore notation is used throughout to denote

a function or variable defined on the augmented state space. Where a hybrid and augmented function

or variable is encountered, a joint double dot and underscore notation is used, i.e. denote ẍ ∈ Ẍ for

a hybrid and augmented state as opposed to x = (x, a) ∈ X (1)×X (∆) or c = (c, b) ∈ X (0)×X (∆) for

(augmented) actual or clutter states comprising the kinematic and augmented components respectively.

The integral of a function f̈ : Ẍ→ R is given by
∫

Ẍ
f̈(ẍ)dẍ =

∫

X (∆)

∫

X (1)

f̈(x, a)dxda +
∫

X (∆)

∫

X (0)

f̈(c, b)dcdb.

As per previous developments, it is assumed throughout that actual targets and clutter objects are

statistically independent. It is similarly assumed that all clutter generators are identical as far as the

kinematic state is concerned, but not the augmented state, and hence it is possible to ignore any functional

dependence on the kinematic part of the state of a clutter generator. The dynamical and measurement

models are essentially the same as in the development of the filter for the hybrid state space, except that

these models are now amended to include account the incorporation of an augmented state space.

The joint probability of survival is defined piecewise:

p̈
S,k

(ẍ) =





p
(1)
S,k(x), ẍ = (x, a) ∈ X (1)×X (∆)

p
(0)
S,k, ẍ = (c, b) ∈ X (0)×X (∆)

,

The joint transition density is defined piecewise:

f̈
k|k−1

(ẍ|ζ̈) =





f
(1)
k|k−1(x|ζ)f (∆)

k|k−1(a|α), ẍ = (x, a), ζ̈ = (ζ, α) ∈ X (1)×X (∆)

f
(0)
k|k−1(c|τ), ẍ = (c, b), ζ̈ = (τ, υ) ∈ X (0)×X (∆)

0, otherwise

,

The joint birth intensity is defined piecewise, and the joint birth cardinality is given by a convolution

γ̈
k
(ẍ) =





γ
(1)
k (x, a), ẍ = (x, a) ∈ X (1)×X (∆)

γ
(0)
k (c, b), ẍ = (c, b) ∈ X (0)×X (∆)

,

ρ̈Γ,k(n̈) = (ρ(1)
Γ,k ∗ ρ

(0)
Γ,k)(n̈),

The joint probability of detection is defined piecewise:

p̈
D,k

(ẍ) =





a, ẍ = (x, a) ∈ X (1)×X (∆)

b, ẍ = (c, b) ∈ X (1)×X (∆)
,
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The joint likelihood is defined piecewise:

g̈
k
(z|ẍ) =





gk(z|x), ẍ = (x, a) ∈ X (1)×X (∆)

κ̃k(z), ẍ = (c, b) ∈ X (1)×X (∆)
.

B. Recursion

The CPHD filter with jointly unknown clutter rate and detection probability propagates the posterior

intensity v̈k and posterior cardinality distribution ρ̈k(·) of the hybrid and augmented state Ẍk. Like

the CPHD filter for unknown clutter rate, the intensity of the hybridized and augmented state v̈k(·) is

decomposable into an intensity function of actual targets v
(1)
k (·, ·) and clutter generators v

(0)
k (·, ·). Note

that the posterior intensity v
(0)
k (·, ·) of the clutter generators is characterized by a single dependent variable

v
(0)
k (·), since the detections or false alarms generated by clutter targets do not depend on the actual value

of the clutter state c. Again, the following propositions follow as direct result of combining the techniques

presented in Sections III-B and IV-B and hence the proof is omitted.

Proposition 11 If at time k − 1, the posterior intensity for actual targets v
(1)
k−1, the posterior intensity

for clutter generators v
(0)
k−1, and the posterior hybrid cardinality distribution ρ̈k−1, are all given, then

their respective predictions to time k are given by

v
(1)
k|k−1(x, a) = γ(1)

k
(x, a) +

∫ ∫ 1

0
p
(1)
S,k(ζ)f (∆)

k|k−1(a|α)f (1)
k|k−1(x|ζ)v(1)

k−1(α, ζ)dαdζ, (89)

v
(0)
k−1(b) = γ(0)

k
(b) + p

(0)
S,kv

(0)
k−1(b), (90)

ρ̈k|k−1(n̈) =
n̈∑

j=0

ρ̈Γ,k(n̈− j)
∞∑

`=j

C`
j ρ̈k−1(`)

(
1− 〈v(1)

k−1,p
(1)
S,k〉+〈v(0)

k−1,p
(0)
S,k〉

〈1,v
(1)
k−1〉+〈1,v

(0)
k−1〉

)`−j (〈v(1)
k−1,p

(1)
S,k〉+〈v(0)

k−1,p
(0)
S,k〉

〈1,v
(1)
k−1〉+〈1,v

(0)
k−1〉

)j

,

(91)

Proposition 12 If at time k, the predicted intensity for actual targets v
(1)
k|k−1, the predicted intensity for

clutter generators v
(0)
k|k−1, the predicted hybrid cardinality distribution ρ̈k|k−1, are all given, then their

respective updates for a given sensor measurement set Zk at time k are given by

v
(1)
k (x, a)=




(1−a)

〈
Ϋ

1
k[v̈k|k−1Zk],ρ̈k|k−1

〉
〈
Ϋ

0
k[v̈k|k−1Zk],ρ̈k|k−1

〉

〈
1, v

(1)
k|k−1

〉
+

〈
1, v

(0)
k|k−1

〉 +
∑

z∈Zk

a · gk(z|x)〈
v

(0)
k|k−1, p

(0)
D,kκ̃k

〉
+

〈
v

(1)
k|k−1, p

(1)
D,kgk(z|·)

〉


v

(1)
k|k−1(x, a), (92)

v
(0)
k (b)=




(1−b)

〈
Ϋ

1
k[v̈k|k−1Zk],ρ̈k|k−1

〉
〈
Ϋ

0
k[v̈k|k−1Zk],ρ̈k|k−1

〉

〈
1, v

(1)
k|k−1

〉
+

〈
1, v

(0)
k|k−1

〉 +
∑

z∈Zk

b · κ̃k(z)〈
v

(0)
k|k−1, p

(0)
D,kκ̃k

〉
+

〈
v

(1)
k|k−1, p

(1)
D,kgk(z|·)

〉


v

(0)
k|k−1(b), (93)

ρ̈k(n̈)=





0 n̈ < |Zk|
ρ̈k|k−1(n̈)Ϋ

0
k[vk|k−1Zk](n̈)〈

ρ̈k|k−1,Ϋ
0
k

〉 n̈ ≥ |Zk|
(94)
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where

Ϋ
u
k [v̈k|k−1Zk](n̈) =





0 n̈ < |Zk|+ u

P n̈
|Zk|+uΦn̈−(|Zk|+u)

k|k−1 n̈ ≥ |Zk|+ u
, (95)

Φ = 1−
〈

v
(1)
k|k−1,p

(1)
D,k

〉
+

〈
v
(0)
k|k−1,p

(0)
D,k

〉

〈1,v
(1)
k|k−1〉+〈1,v

(0)
k|k−1〉 , (96)

p
(1)
D,k(x, a) = a, (97)

p
(0)
D,k(b) = b. (98)

Remark: Estimates of the posterior cardinality for actual targets and clutter targets must be calculated

as an expected a posterior estimate N̂
(1)
k =

〈
v

(1)
k , 1

〉
. The expected a posteriori estimate of the mean

clutter rate is λ̂k =
〈
v

(0)
k , p

(0)
D,k

〉
.

The corresponding PHD recursion follows as a special case:

v
(1)
k|k−1(x, a) = γ(1)

k
(x, a) +

∫ ∫ 1

0
p
(1)
S,k(ζ)f (∆)

k|k−1(a|α)f (1)
k|k−1(x|ζ)v(1)

k−1(α, ζ)dαdζ, (99)

v
(0)
k−1(b) = γ(0)

k
(b) + p

(0)
S,kv

(0)
k−1(b), (100)

v
(1)
k (x, a) =


1− a +

∑

z∈Zk

a · gk(z|x)〈
v

(0)
k|k−1, p

(0)
D,kκ̃k

〉
+

〈
v

(1)
k|k−1, p

(1)
D,kgk(z|·)

〉

 v

(1)
k|k−1(x, a), (101)

v
(1)
k (b) =


1− b +

∑

z∈Zk

b · κ̃k(z)〈
v

(0)
k|k−1, p

(0)
D,kκ̃k

〉
+

〈
v

(1)
k|k−1, p

(1)
D,kgk(z|·)

〉

 v

(1)
k|k−1(b). (102)

C. Analytic Implementations

A closed form implementation for the CPHD recursion with jointly unknown clutter rate and detection

probability can be derived via Beta and Gaussian mixtures simply by combining the ideas previously

adopted to derive closed form implementations for the separate filters. The model assumptions for

the Markov transition, measurement likelihood, survival probability, detection probability, and clutter

distribution are the same. The following are slightly different:

• The intensity of the actual target birth RFS is a Beta Gaussian mixture of the form

γ(1)
k

(x, a) =
J

(1)
γ,k∑

i=1

w
(i,1)
γ,k β(a; s(i,1)

γ,k , t
(i,1)
γ,k )N (x; m(i,1)

γ,k , P
(i,1)
γ,k ). (103)

• The intensity of the birth RFS for clutter generators is a Beta mixture

γ(0)
k

(b) =
J

(0)
γ,k∑

i=1

w
(i,0)
γ,k β(b; s(i,0)

γ,k , t
(i,0)
γ,k ). (104)

Again, the following propositions follow as direct result of combining the techniques presented in

Sections III-C and IV-C and hence the proof is omitted.
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Proposition 13 If at time k−1, the posterior intensities v
(1)
k−1 and v

(0)
k−1, and posterior hybrid cardinality

distribution ρ̈k−1 are given, with v
(1)
k−1 and v

(0)
k−1 respectively given by the Beta Gaussian and Beta mixtures

v
(1)
k−1(x, a) =

J
(1)
k−1∑

i=1

w
(i,1)
k−1β(a; s(i,1)

k−1 , t
(i,1)
k−1)N (x;m(i,1)

k−1 , P
(i,1)
k−1 ), (105)

v
(0)
k−1(b) =

J
(0)
k−1∑

i=1

w
(i,0)
k−1β(b; s(i,0)

k−1 , t
(i,0)
k−1), (106)

then, the predicted intensities v
(1)
k|k−1 and v

(0)
k|k−1 are respectively also Beta Gaussian and Beta mixtures,

and the prediction is given by

ρ̈k|k−1(n̈) =
n̈∑

j=0

ρ̈Γ,k(n̈− j)
∞∑

`=j

C`
j ρ̈k−1(`)

(
1− p

(1)
S,k

∑Jk−1
i=1 w

(i,1)
k−1 +p

(0)
S,k

∑J
(0)
k−1

i=1 w
(i,0)
k−1

∑J
(1)
k−1

i=1 w
(i,1)
k−1 +

∑J
(0)
k−1

i=1 w
(i,0)
k−1

)`−j

×
(

p
(1)
S,k

∑Jk−1
i=1 w

(i,1)
k−1 +p

(0)
S,k

∑J
(0)
k−1

i=1 w
(i,0)
k−1

∑J
(1)
k−1

i=1 w(i,1)
k−1 +

∑J
(0)
k−1

i=1 w(i,0)
k−1

)j

, (107)

v
(1)
k|k−1(x, a) = p

(1)
S,k

J
(1)
k−1∑

j=1

w
(j,1)
k−1 β(a; s(j,1)

S,k|k−1, t
(j,1)
S,k|k−1)N (x;m(j,1)

S,k|k−1, P
(j,1)
S,k|k−1) + γ(1)

k
(x, a), (108)

v
(0)
k|k−1(b) = p

(0)
S,kv

(0)
k−1(b) + γ(0)

k
(b), (109)

where γ
(1)
k (x, a) is given in (34),

s
(j,1)
S,k|k−1 =

(
µ

(j,1)
β,k|k−1(1−µ

(j,1)
β,k|k−1)

[σ
(j,1)
β,k|k−1]

2
− 1

)
µ

(j,1)
β,k|k−1 (110)

t
(j,1)
S,k|k−1 =

(
µ

(j,1)
β,k|k−1(1−µ

(j,1)
β,k|k−1)

[σ
(j,1)
β,k|k−1]

2
− 1

)
(1− µ

(j,1)
β,k|k−1) (111)

m
(j,1)
S,k|k−1 = Fk−1m

(j,1)
k−1 , (112)

P
(j,1)
S,k|k−1 = Qk−1 + Fk−1P

(j,1)
k−1 F T

k−1, (113)

with µ
(j,1)
β,k|k−1 = µ

(j,1)
β,k−1 = s

(j,1)
k−1

s
(j,1)
k−1 +t

(j,1)
k−1

and [σ(j,1)
β,k|k−1]

2 = |kβ|[σ(j,1)
β,k−1]

2 = |kβ| s
(j,1)
k−1 t

(j,1)
k−1

(s
(j,1)
k−1 +t

(j,1)
k−1 )2(s

(j,1)
k−1 +t

(j,1)
k−1 +1)

.

Proposition 14 If at time k, the predicted intensities v
(1)
k|k−1 and v

(0)
k|k−1, and predicted hybrid cardinality

distribution ρ̈k|k−1, are all given, with v
(1)
k|k−1 and v

(0)
k|k−1 respectively given by the Beta Gaussian and

Gaussian mixtures

v
(1)
k|k−1(x, a) =

J
(1)
k|k−1∑

i=1

w
(i,1)
k|k−1β(a; s(i,1)

k|k−1, t
(i,1)
k|k−1)N (x; m(i,1)

k|k−1, P
(i,1)
k|k−1), (114)

v
(0)
k|k−1(b) =

J(0)
k|k−1∑

i=1

w
(i,0)
k|k−1β(b; s(i,0)

k|k−1, t
(i,0)
k|k−1), (115)
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then, given a measurement set Zk, the updated intensities v
(1)
k and v

(0)
k are respectively also Beta Gaussian

and Gaussian mixtures, and the update simplifies to

v
(1)
k (x, a) =

J
(1)
k|k−1∑

j=1

w
(j,1)
M,k β(a; s(j,1)

k|k−1, t
(j,1)
k|k−1 + 1)N (x; m(j,1)

k|k−1, P
(j,1)
k|k−1)

+
∑

z∈Zk

J
(1)
k|k−1∑

j=1

w
(j,1)
D,k (z)β(a; s(j,1)

k|k−1 + 1, t
(j,1)
k|k−1)N(x; m(j,1)

k (z), P (j,1)
k ), (116)

v
(0)
k (b) =

J(0)
k|k−1∑

j=1

w
(j,0)
M,k β(a; s(j,0)

k|k−1, t
(j,0)
k|k−1 + 1) +

∑

z∈Zk

Jk|k−1∑

j=1

w
(j,0)
D,k (z)β(a; s(j,0)

k|k−1 + 1, t
(j,0)
k|k−1), (117)

ρ̈k(n̈) =





0 n̈ < |Zk|
ρ̈k|k−1(n̈)Ψ̈

0
k[v̈k|k−1Zk](n̈)〈

ρ̈k|k−1,Ψ̈
0
k

〉 n̈ ≥ |Zk|
, (118)

where

Ψ̈
u
k [Φk|k−1, Zk](n̈) =





0 n̈ < |Zk|+ u

P n̈
|Zk|+uΦn̈−(|Zk|+u)

k|k−1 n̈ ≥ |Zk|+ u
, (119)

Φk|k−1 = 1−
∑J

(1)
k|k−1

i=1 w
(i,1)
k|k−1d

(j,1)
k|k−1+

∑J
(0)
k|k−1

i=1 w
(i,0)
k|k−1d

(j,0)
k|k−1

∑J
(1)
k|k−1

i=1 w
(i,1)
k|k−1+

∑J
(0)
k|k−1

i=1 w
(i,0)
k|k−1

,

d
(j,u)
k|k−1 =

s
(j,u)
k|k−1

s
(j,u)
k|k−1 + t

(j,u)
k|k−1

, u = 0, 1 (120)

w
(j,u)
M,k (z) = w

(j,u)
k|k−1

B(s
(j,u)
k|k−1,t

(j,u)
k|k−1+1)

B(s
(j,u)
k|k−1,t

(j,u)
k|k−1)

〈
Ψ̈

1
k[v̈k|k−1Zk],ρ̈k|k−1

〉
〈
Ψ̈

0
k[v̈k|k−1Zk],ρ̈k|k−1

〉

∑J
(1)
k|k−1

i=1 w
(i,1)
k|k−1 +

∑J
(0)
k|k−1

i=1 w
(i,0)
k|k−1

, u = 0, 1 (121)

w
(j,0)
D,k (z) =

w
(j,0)
k|k−1

B(s
(j,0)
k|k−1+1,t

(j,0)
k|k−1)

B(s
(j,0)
k|k−1,t

(j,0)
k|k−1)

κ̃k(z)

∑J
(0)
k|k−1

i=1 d
(j,0)
k|k−1w

(i,0)
k|k−1κ̃k(z) +

∑J
(1)
k|k−1

i=1 d
(j,1)
k|k−1w

(i,1)
k|k−1q

(j,1)
k (z)

, (122)

w
(j,1)
D,k (z) =

w
(j,1)
k|k−1

B(s
(j,1)
k|k−1+1,t

(j,1)
k|k−1)

B(s
(j,1)
k|k−1,t

(j,1)
k|k−1)

q
(j,1)
k (z)

∑J(0)
k|k−1

i=1 d
(j,0)
k|k−1w

(i,0)
k|k−1κ̃k(z) +

∑J(1)
k|k−1

i=1 d
(j,1)
k|k−1w

(i,1)
k|k−1q

(j,1)
k (z)

, (123)

q
(j,1)
k (z) = N (z; Hkm

(j,1)
k|k−1, HkP

(j,1)
k|k−1H

T
k + Rk), (124)

m
(j,1)
k (z) = m

(j,1)
k|k−1 + K

(j,1)
k (z −Hkm

(j,1)
k|k−1), (125)

P
(j,1)
k = [I −K

(j,1)
k Hk]P

(j,1)
k|k−1, (126)

K
(j,1)
k = P

(j,1)
k|k−1H

T
k

[
HkP

(j,1)
k|k−1H

T
k + Rk

]−1
. (127)

The estimated mean number of actual targets is N̂
(1)
k =

∑J
(1)
k

j=1 w
(i,1)
k , while the estimated mean number

of clutter generators is N̂
(0)
k =

∑J
(0)
k

j=1 w
(i,0)
k and the estimated mean clutter rate is λ̂k =

∑J
(0)
k

j=1 w
(i,0)
k d

(j,0)
k .
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Pruning and merging of mixture components is still required, and truncation of cardinality distribution is

needed, to ensure a tractable propagation. The procedure is essentially the same as previously outlined.

For non-linear models, extended and unscented Kalman approximations can be applied to the analytic

implementations of three CPHD filters proposed in Sections III, IV, V. Note that the non-linear

approximations apply only to the kinematic part of the state and for actual targets which are represented

by Gaussian distributions. The augmented part represented by Beta distributions remains unchanged.

VI. NUMERICAL STUDIES

This section presents numerical studies for the new CPHD filters. A linear Gaussian example is used

to illustrate and examine the performance of the CPHD filter for unknown clutter rate as well as the

CPHD for unknown detection probability. A non-linear example is also used to illustrate the performance

of the CPHD filter for jointly unknown clutter rate and detection probability, via modification of the

Beta Gaussian solution with the unscented Kalman approximations to cope with the non-linearity. The

Optimal Sub-Pattern Assignment (OSPA) metric [31] is used for performance assessments.

A. Linear Gaussian Constant Velocity Example

Consider a 10 target scenario on the region [−1000, 1000]m × [−1000, 1000]m. Targets move with

constant velocity as shown in Figure 1. The kinematic target state is a vector of planar position and velocity

−1000 −500 0 500 1000
−1000

−500

0

500

1000

x coordinate (m)

y 
co

or
di

na
te

 (
m

)

Fig. 1. Trajectories in the xy plane. Start/Stop positions for each track are shown with ◦/4.

xk = [ px,k, py,k, ṗx,k, ṗy,k ]T . Measurements are noisy vectors of planar position only zk = [ zx,k, zy,k ]T .

The single-target state space model is linear Gaussian with parameters

Fk =


I2 ∆I2

02 I2


 Qk = σ2

ν




∆4

4 I2
∆3

2 I2

∆3

2 I2 ∆2I2




Hk =
[
I2 02

]
Rk = σ2

εI2

where In and 0n denote the n×n identity and zero matrices respectively, ∆ = 1s is the sampling period,

σν = 5m/s2 and σε = 10m are the standard deviations of the process noise and measurement noise.
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1) Unknown Clutter Rate Only: For the filter with unknown clutter rate, the following scenario

parameters are used. The target state consists of the kinematic components only. The survival probability

for actual targets is p
(1)
S,k = 0.99. The birth process for actual targets is a Poisson RFS with intensity

γ
(1)
k (x) =

∑4
i=1wγN (x; m(i)

γ , Pγ),where wγ = 0.03, m
(1)
γ = [ 0, 0, 0, 0 ]T , m

(2)
γ = [ 400,−600, 0, 0 ]T ,

m
(3)
γ = [ − 800,−200, 0, 0 ]T , m

(4)
γ = [ − 200, 800, 0, 0 ]T , and Pγ = diag([ 50, 50, 50, 50 ]T )2.

The detection probability for measurements is a constant p
(1)
D,k = 0.98. Clutter returns are generated

according to a binomial cardinality with parameters N
(0)
k = 100 and p

(0)
D,k = 0.5 and uniform spatial

probability density 1/V over the surveillance region where V = 4 × 106m2 is the ‘volume’ of the

surveillance region. The mean clutter rate is hence 50 points per scan and the intensity of clutter is

λ
(0)
k = N

(0)
k p

(0)
D,k/V = 1.25× 10−5m−2. This information however is not known to the filter. The model

for clutter generators given to the filter is that of births given by a mean rate of N
(0)
Γ,k = 10 while

deaths are given by the survival probability of p
(0)
S,k = 0.9 and returns are given by detection probability

p
(0)
D,k = 0.5. The density of clutter returns κ̃k is presumed to be uniform on the measurement space. The

filter is initialized with a zero intensity for actual targets and hence zero number of actual targets, and

with a clutter rate equal to the total number of measurements received at the first time step minus the

average birth and detection rate for actual targets.

Pruning and merging of Gaussian components is performed at each time step using a weight threshold

of T ′ = 10−5, a merging threshold of U ′ = 4m, and a maximum of Jmax = 100 Gaussian components.

The number of actual targets is estimated as the expected a posteriori cardinality and state estimates

are extracted as the means of corresponding highest Gaussian components of the posterior intensity. The

joint actual target and clutter generator cardinality distribution is capped at Nmax = 300 terms.

Over 100 Monte Carlo runs, it can be seen from the averaged results in Figures 2 and 3 that both the

CPHD and PHD filters converge to the correct number of targets and that both produce accurate estimates

of the mean clutter rate. In terms of miss distance performance as shown in Figure 4, using the OSPA

metric with parameters p = 1 and c = 300m on the estimated positions only, the CPHD and PHD filters

both yield reasonable performance. It can be seen that there is an initial settling in period, but after this

the miss distance achieves a value consistent with the measurement noise profile and exhibits peaks with

changes in target numbers. The CPHD appears to have a slight advantage over the PHD. Comparisons

are also shown with the standard CPHD and PHD filters which are supplied with the correct clutter rate.

It can be seen that the new filters exhibit similar performance and converge to the same error value as

that for the standard PHD filter, but cannot outperform the standard CPHD filter because the latter has

better cardinality estimation and higher computational complexity.

2) Unknown Detection Profile Only: For the filter with unknown detection probability, the following

scenario parameters are used. The target state is now augmented xk = [ak, xk]T to additionally include the
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Fig. 2. 100 Monte Carlo run average results for CPHD and PHD filters for unknown clutter rate. True and estimated target

numbers for CPHD (top) and PHD (bottom).
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Fig. 3. 100 Monte Carlo run average results for CPHD and PHD filters for unknown clutter rate. True and estimated mean

clutter rate for CPHD (top) and PHD (bottom).

unknown detection probability. The prediction for the augmented part of the state preserves the mean but

increases the variance by 10%. The survival probability for actual targets is p
(1)
S,k = 0.99. The birth process

for actual targets is a Poisson RFS with intensity γ
(1)
k (a, x) =

∑4
i=1wγβ(a;uγ , vγ)N (x; m(i)

γ , Pγ),where

wγ = 0.03, uγ = vγ = 1, m
(1)
γ = [ 0, 0, 0, 0 ]T , m

(2)
γ = [ 400,−600, 0, 0 ]T , m

(3)
γ = [ −800,−200, 0, 0 ]T ,
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Fig. 4. OSPA miss distance versus time for the CPHD and PHD filters for unknown clutter rate.
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m
(4)
γ = [ −200, 800, 0, 0 ]T , and Pγ = diag([ 10, 10, 10, 10 ]T )2. Measurements are generated according

to a constant detection probability p
(1)
D,k = 0.98 but this is not known to the filter and must be implicitly

estimated at the location of each of the tracks. Clutter returns follow a Poisson RFS with a mean rate

uniform spatial probability density 1/V over the surveillance region where V = 4 × 106m2 is the

‘volume’ of the surveillance region. The mean clutter rate is 20 points per scan and the intensity of

clutter is λ
(0)
k = 5.0× 10−6m−2. The filter is initialized to a zero state.

Pruning and merging of Beta Gaussians is performed at each time step using a weight threshold of

T ′ = 10−3, a merging threshold of S′ = 1%, and a maximum of Jmax = 1000 Beta Gaussians. The

number of actual targets is estimated as the expected a posteriori number, and state estimates are extracted

as the means of corresponding highest components of the posterior intensity, ignoring the augmented part

of the state. The cardinality distribution is calculated to a maximum of Nmax = 300 terms.

Over 100 Monte Carlo runs, it can be seen from the averaged results in Figure 5 that the CPHD filter

converges to the correct number of targets in general whereas the PHD filter has some bias which appears

to slowly self-correct. In terms of miss distance performance as shown in Figure 6, using the OSPA metric

with parameters p = 1 and c = 300m on the estimated positions only, both filters perform reasonably,

but the CPHD performs better than the PHD filter. The miss distance increases in the latter half of the

simulation due to the fact that both filters have difficulty resolving closely spaced targets. Comparisons

are also shown with the standard CPHD and PHD filters which are supplied with the correct detection

probability. As expected, it can be seen that the new filters cannot achieve the same performance as their

counterparts which are given the correct detection model.
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Fig. 5. 100 Monte Carlo run average results for CPHD and PHD filters for unknown detection probability. True and estimated

target numbers for CPHD (top) and PHD (bottom).

Remark: In this example, the initialization in the birth model for the unknown detection probability is

uniform on [0, 1] which is the most uninformative. It is remarkable that the filter is still able to confirm

target tracks and reject false alarms, but as expected there is a noticeable delay before the filter is able
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Fig. 6. OSPA miss distance versus time for the CPHD and PHD filters for unknown detection probability.

to produce accurate estimates. When the initialization for the detection probability is more reasonable,

the filter responds faster to cardinality changes and produces a smaller error.

B. Non-Linear Bearings and Range Example

Consider now a non-linear bearings and range scenario with a total of 10 targets. Target tracks are shown

in Figure 7 on the half disc of radius 2000m with the start and stop positions of each track. The augmented

target state xk = [ x̃T
k , ωk, ak ]T comprises the planar position and velocity x̃T

k = [ px,k, ṗx,k, py,k, ṗy,k ]T ,

the turn rate ωk, and the unknown detection probability ak. Target generated measurements are noisy

bearings and range vectors zk = [ θk, rk ]T . The single-target transition model is given by

x̃k = F (ωk−1)x̃k−1 + Gwk−1

ωk = ωk−1 + ∆uk−1

where

F (ω) =




1 sin ω∆
ω 0 −1−cos ω∆

ω

0 cosω∆ 0 − sinω∆

0 1−cos ω∆
ω 1 sin ω∆

ω

0 sin ω∆ 0 cosω∆



, G =




∆2

2 0

∆ 0

0 ∆2

2

0 ∆



,

wk−1 ∼ N (·; 0, σ2
wI), uk−1 ∼ N (·; 0, σ2

uI), ∆ = 1s, σw = 15m/s2, and σu = π/180rad/s. The

prediction for the augmented part of the state is set according to kβ = 1.1. The survival probability is

p
(1)
S,k(x) = 0.99. The single-target measurement model is given by

zk =


arctan(px,k/py,k)√

p2
x,k + p2

y,k


 + εk

(the angle is measured from the vertical axis) where εk ∼ N (·; 0, Rk), with Rk = diag([ σ2
θ , σ

2
r ]T ),

σθ = (π/180)rad, and σr = 5m. The birth process follows a Poisson RFS with intensity γ
(1)
k (a, x) =

∑4
i=1w

(i)
γ β(a;uγ , vγ)N (x; m(i)

γ , Pγ) where w
(1)
γ = w

(2)
γ = 0.02 and w

(3)
γ = w

(4)
γ = 0.03, uγ = 98,

vγ = 2, m
(1)
γ = [ − 1500, 0, 250, 0 0 ]T , m

(2)
γ = [−250, 0, 1000, 0 0 ]T , m

(3)
γ = [ 250, 0, 750, 0 0 ]T ,

m
(4)
γ = [ 1000, 0, 1500, 0 0 ]T , and Pγ = diag([ 70, 70, 70, 70, 7(π/180) ]T )2.
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Fig. 7. Trajectories in the rθ plane. Start/Stop positions for each track are shown with ◦/4.

Measurements are generated with detection probability p
(1)
D,k = 0.98 (this is not known to the filter).

Clutter returns are generated according to a binomial cardinality with parameters N
(0)
k = 20 and p

(0)
D,k =

0.5 and with uniform spatial density 1/V over the surveillance region where V = 2000π(radm) is the

‘volume’ of the surveillance region. The mean clutter rate is hence 10 points per scan and the intensity of

clutter is λ
(0)
k = N

(0)
k p

(0)
D,k/V = 1.5×10−3(radm)−1 (this is similarly not known and must be estimated

by the filter). The model for clutter generators given to the filter is that of births given by a Poisson RFS

with intensity γ
(0)
k (b) = 0.2β(b; 1, 1) while deaths are given by the survival probability of p

(0)
S,k = 0.9.

Pruning, merging and capping of mixture components is also performed. The estimated number of targets

is the posterior mean while the state estimates are the corresponding means of the posterior Gaussian

components only.

The performance of the unscented Kalman CPHD filter for jointly unknown clutter rate and detection

profile is now shown. In Figure 8, the target trajectories in x and y coordinates versus time are plotted

against those estimated from the unscented Kalman approximation to the CPHD filters. Results for the

extended Kalman approximation are similar. The plots indicate that the CPHD filter is able to identify

all object births and deaths, but still has some difficulty resolving closely spaced targets. It also appears

that a jointly unknown clutter rate and detection probability is a difficult tracking scenario to contend

with, and consequently the proposed CPHD filter can only be expected to perform well when it is given

a reasonable indication of the possible ranges of the clutter rate and detection probability. The degree

of difficulty is compounded by the non-linearity of the model, which requires further approximation in

the (UK) implementation. Nonetheless, it is expected that a higher data or sampling rate should result

in increased performance, since the predictions are performed on shortened time scales and updates are

performed with increased data rates (all resulting in smaller uncertainty).

VII. CONCLUSION

Knowledge of parameters such as clutter rate and detection profile are of critical importance in Bayesian

multi-target filtering. Estimating clutter rate and detection profile are difficult problems in practice and

the capability of multi-target filters to adaptively learn these model parameters is very important. It has
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Fig. 8. Unscented Kalman CPHD filter for jointly unknown clutter rate and detection probability: filter estimates and true

tracks in x and y coordinates versus time

been shown that mismatches in clutter and detection model parameters can be accommodated within the

PHD/CPHD multi-target filtering framework. Specifically, we have proposed certain versions of the CPHD

(and PHD) filters that adaptively learn non-uniform detection profile and clutter rate while filtering. While

the tracking performance cannot rival the ideal scenario where the clutter rate and detection profile are

known a priori, numerical studies show that the proposed technique can correct for discrepancies in these

parameters and produces promising results. The PHD filter is biased in its estimation of the unknown

detection profile, while the CPHD filter appears not to have this limitation. Both filters however are

unbiased in their estimate of the unknown clutter rate. Future works will continue the development

of CPHD, PHD filters to additionally accommodate other unknown model parameters. In addition, non-

linearities in the model may be better handled by SMC implementations but another source of error arises

in the extraction of the state estimate from the particle population, and the multi-Bernoulli approach of

[32] may be preferable.
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