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A Note on the Reward Function for PHD Filters

with Sensor Control

Branko Ristic, Ba-Ngu Vo, Daniel Clark

Abstract

The context is sensor control for multi-object Bayes filigrin the framework of partially observed Markov
decision processes. The current information state is septed by the multi-object probability density function
(PDF), while the reward function, associated with each @eogntrol (action), is the information gain measured by
the alpha or Rényi divergence. Assuming that both the ptediand updated state can be represented by independent
identically distributed (1ID) cluster random finite setsH&s) or, as a special case, the Poisson RFS's, the paper
derives the analytic expressions of the correspondinyRévergence based information gains. The implementation
of Rényi divergence via the sequential Monte Carlo mettsopresented. The performance of the proposed reward
function is demonstrated by a numerical example, where aimgaange-only sensor is controlled to estimate the

number and the states of several moving objects using the fitéD
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Random finite sets, Finite Set Statistics, multi-objecefiitg, sequential Monte Carlo method, PHD filter,

particle filter, sensor management, Rényi divergence.

. INTRODUCTION

Sensors in modern surveillance systems are increasinglyadlable. For example, a sensor can be operated in
a different mode, pointed to a different direction or taskednove to a new location. Sensor management is the
on-line control of individual sensors for the purpose of im@zing the overall utility of the surveillance system.
Sensor management thus represents sequential decisiangnekere each decision generates new observations
that provide additional information. The decisions are enadthe presence of uncertainty (both in the state and
the measurement space) using only the past observatioizscl@is of problems has been studied in the framework
of partially observed Markov decision processes (POMDRE) The elements of a POMDP include the current
(uncertain) information state, a set of admissible senstiwrzss and the reward function associated with each action.
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The paper adopts the information theoretic approach toosenanagement, where the uncertain information state
is represented by a probability density function, while the/ard function is a measure of tleformation gain
associated with each action. The particular reward functidopted for this purpose is the Rényi®@mivergence
[2], which for different values of parameterreduces to the well known measures of mutual informatiog, the
Kullback-Leibler divergence and the Hellinger affinity.

The paper considers sensor management for the purpose esiBaymulti-object filtering. In this context, the
number of existing objects and their positions in the stpt@ce are stochastically varying in time according to a
priori known stochastic models. The sensors are imperfethé sense that existing targets may or may not not
be detected, while false detections are also reported witesnon-zero probability. The objective of multi-object
filtering is to sequentially estimate both the number of otgen the surveillance volume of interest and their states,
using the sequence of noisy and cluttered measurementadletsted by sensors. Finite set statistics (FISST) [3] has
provided the first numerically tractable solution to thislglem. FISST uses the Bayesian framework to recursively
propagate (predict and update) a multi-object probabilépsity function using a set-valued measurement received
at each time step. The success of FISST for multi-objectifigehas been demonstrated by the PHD filter [4], a
linear complexity algorithm which has already attractegh#icant interest with applications in robotics [5], [6],
computer vision [7], traffic monitoring [8], etc.

Sensor management in the context of the FISST multi-objegeB filtering has been considered earlier. Mahler
put forward the idea of using the Csiszar frdivergence as the reward function for sensor managemént [9
However, he did not further develop or implement this rewhmction; instead he introduced and focused on
theoretical foundations and applications of another rdvwianction, referred to as the posterior expected number
of targets (PENT) [10], [11]. Witkoskie et al. [12] appliedet Bayesian multi-object filter implemented via the
Gaussian mixture approximation, in conjunction with thesttess bandit” approach to sensor management, to track
moving vehicles in a road network.

This paper can be seen as a sequel to [13], in which multiebdjiering was carried out using the (full)
multi-object Bayes filter, while the reward function assted with each sensor action was computed for one step
ahead (myopic) via the Rényi divergence between the robjget prior and the multi-object posterior FISST PDF.
The computation of both the filter and the reward function wasied out using the sequential Monte Carlo
method. While the methodology proposed in [13] is generdl accurate, it becomes computationally intractable
even for a small number of objects. Hence the current papéevsted to sensor management (in particular, the
reward function) for PHD filters: the computationally eféini but principled approximations of the multi-object
Bayes filter. The paper derives analytical expressionshi®mRényi divergence under the assumption of independent
identically distributed (1ID) cluster random finite setsH®Ss) and Poisson RFS’s. The IID cluster RFS is the basis
of the cardinalized PHD filter [14], while its special casee tPoisson RFS, is the basis of the PHD filter [4].
Both the PHD filter and its appropriate Rényi divergencerfgropic sensor management are implemented using

the sequential Monte Carlo method. A numerical example g multiple moving objects and a controllable
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moving range-only measuring sensor is presented in suppdine proposed reward function.

The paper is organised as follows. Sec. Il presents a brigfgvaund on finite-set statistics and the PHD filter.
Sec.lll describes the derivation and implementation ofRleayi divergence as the reward function for PHD filters
with controllable sensors. Sec.lV demonstrates the pmdace of the proposed reward function in the context of

multi-object nonlinear filtering with a controllable mognmange-only sensor. The conclusions are drawn in Sec.V.

Il. FINITE SET STATISTICS AND THEPHD FILTER

The section presents a brief overview of multi-object Bafitsring following [3]. A multi-object density
function f(X) is a positive real-valued function of a random finite-setialele X = {x,,...,x,}, characterized
by a random number of points (objects)e Ny and random spatial locations of objects,...,x, € X. The

multi-object density function is normalised, that is, it sntegral equals unity:

=~ 1
X)oX := f(0) + —/ X1,...,Xp )dx1,...,dx, = 1. 1
[y, SO0 = 0 5ot Ja i ®
N————
HereF(X) is the space of finite subsets&f while f({xi,...,x,}) is defined as the joint distribution scaled by its

cardinality distributiorp(n) = Pr{|X| = n}, i.e. f({x1,...,xp}) == nl-p(n)- f(x1,...,%x,), with >~ jp(n) =1
and [ f(x1,...,X,)dxq,...,dx, = 1.

Let £ be the discrete-time index. The objective of the multi-ob@ayes filter [3] is to determine at each time step
k the posteriormulti-object PDFfy,(Xk|Z1.x), whereZy., = (Za, ..., Zy) denotes the accumulated measurement
set sequence up to time and X, is the RFS representing the multi-object state at timéMeasurement set at
timek, Zy, = {zx1,...,2rm, } IS also modelled by a RFS; typically it contains some measargs due to objects
Xk = {Xk1,--.,Xkn, }, but may also include other spurious detections, refemweaistclutter.

The multi-object posterior can be computed sequentiallythie cycle of prediction and update steps. Suppose
that f;, _1jx—1(Xx—1/Z1.x—1) is known and that a new set of measuremétscorresponding to timé, has become

available. Then the predicted and updated multi-objectgpms densities are calculated as follows [3]:

Tepe—1(XplZrp—1) = /Hk|k—1(Xk\Xk—1)fk;—1k—l(Xk—l\lek—1)5Xk—1 )

 or(Zg ] X) frp—1 (Xk|Zg—1)
S XilZig) = J or(Zk|X) frjp—1(X|Z1:5-1)0X’ ®)

wherell}, ;,_ (Xx|X—1) is a multi-object transition density ang,(Zx|Xy) is a multi-object likelihood function.

Eq. (2) is a Chapman-Kolmogorov equation for multi-objeensities, while (3) follows from the Bayes rule.
Since fi,(Xx|Z1.1) is defined overF(X'), the computational complexity of the multi-object Bayetefilgrows
exponentially with the number of objects and hence all jprattmplementations are limited to a small number of

objects [13], [15].
In order to overcome this limitation, Mahler [4] proposedpmpagate only the first-order statistical moment

of fix(X|Z1.1), the intensity function or the PHDD . (x|Z1.,) = [ 0x (%) fek(X|Z1:4)0X, defined overX.
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Here dx (x) = > . cx dw(x) and dw(x) is the Dirac delta function concentrated wt Note that the intensity
function completely characterizes the Poisson RFS. This i a Poisson RFS, its intensity function is given by

D(x) = A - s(x), while its multi-object PDF can be written as:
FX) = [[A-s). @

The meaning of\ ands(x) is as follows:\ is the Poisson average number of objects in the RFS, eaclbdist
according to the spatial single-object densitix). For a givenD(x) one can work out\ = [ D(x)dx and
s(x) = D(x)/A and therefore (4) is completely determined.

PHD filter predicts and updates sequentially the intensiticfion. Using abbreviatio®,;,(x|Z1.x) aﬁb’DMk(x)

for the posterior intensity function at timie the prediction equation of the PHD filter is given by [4]:

Dije—1(%) = Yijp—1(x) + ( ps Di—1jp—1, Tgp—1(x|) ) (5)
where

o Yik—1(x) is the PHD of object births between tinte— 1 and k;

o ps(x') aébrps,m_l(x/) is the probability that a target with staté at time k — 1 will survive until time k;

o T —1(x[x’) is the single-object transition density from tinke- 1 to k;

o (9:1) = [ [(%) g(x) dx.
The first term on the RHS of (5) refers to the newborn objectslesthe second represents the persistent objects.
Upon receiving the measurement &at at time k, the update step of the PHD filter is computed according to:

x) = —»op(x < P (%) g (2]x) D1 (x)
Dyjp(x) = [1 = pp(x)] Dyje—1( )+z§k k(2) + (D 9(2]-), Dijo1)

(6)

where

e pp(x) aﬁb’p[),k(x) is the probability that an observation will be collectediate & from a target with stat;
« gx(z|x) is the single-object measurement likelihood at tifne

o kp(z) is the PHD of clutter at timé:.

In order to derive a closed form solution for the update stap, cardinalized PHD (CPHD) filter makes the
assumption that the RFS is an IID cluster [16]. An IID cludif¥fS X is completely specified by its cardinality
distributionp(n) and the spatial single-object densii) defined onY. The multi-object PDF oK = {xy,...,x,}
with |X| = n is then:

FX) :=mnl-p(n) - s(x1) - s(xn) @)
with the intensity function given by
D(x) = s5(x) Y _n- p(n). (8)
n=1

The prediction and update steps of the CPHD filter are omftedbrevity, with full details given in [14], [17].
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[Il. THE REWARD FUNCTION FORSENSOR CONTROL
A. Adopted framework

The elements of a POMDP include the current (uncertain)rinédion state, a set of admissible sensor actions
and the reward function associated with each action. wgtiy) € Ux(ix) denote the control vector applied
at time k to observeri, € {1,...,N,} whereUg(i) is the set of admissible control vectors at tirkefor
observeri. The current information state is described by the prediataulti-object posterior PDF at timé,
frjk—1(Xk|Z1.1—1), Where the sequence of measurementZeis ; was collected using the control vector sequence
ug.x—1 = (up(ip),...,ux—1(ix—1)). After processing the firsk — 1 measurement sets, the control veatq(iy),

to be applied at timé to observeri, is selected as

wy, = arg max E[R(v, fip—1(Xi|Z1:x-1), Zi(V))] ©)

veUy

whereR (v, f,Z) is the real-valued reward function associated with therobnt, at the time when the information
state is represented by the multi-object PPRnd when the application of contrel would result in the (future)
measurement sef. Since the goal is to decide on the future action without abtuapplying any action (and
collecting any measurement sets prior to the decision),etkgectationE in (9) is taken with respect to the
measurement séf;. For computational simplicity, eq.(9) is restricted to rimization of the reward based on a
single future step only (the “myopic” policy).

The quality of estimation depends to a large extent on thécehaf the reward functioR (v, f,Z) in (9). In the
information theoretic context, this function is typicalbased on thénformation gain measured from the current
information state. For this purpose we adopt the Rényirdimece between the predicted multi-object posterior
density fy,,—1(Xx|Z1.x—1) and the future updated posterior multi-object dengjty.(Xx|Z1.x—1, Zx(ux)), which
is computed using the new measurementZgtobtained after sensag has been controlled to take actian(ix).
The reward function can then be written as (in order to sifpplotation we suppress the second and third argument
of R):

R(ug) = —— log / e X Bt Za () [t (K| Zion) 0K, (10)

a—1
Here0 < a < 1 is a parameter which determines how much we emphasize tlseofaiwo distributions in the
metric. By taking the limitae — 1 or by settinga = 0.5, the Rényi divergence becomes the Kullback-Leibler

divergence and the Hellinger affinity [18], respectively. [2

B. Reényi divergence for IID cluster RFS and Poisson RFS

Let us rewrite (10) using a simpler notation:

1

R(u):a—l

log / £ (X 0)? fo(X) 06X (11)
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Suppose that both the predicted and updated multi-obje€sRiDe IID cluster PDFs, i.e.

foX) = nlpo(n) I] s0(), (12)
xeX
fiX;u) = nlpi(n;u) Hsl(x;u). (13)
xeX

This applies to the recursions of the cardinalized PHD filtére Rényi divergence (11) can then be written as:

n

R(u) = L log Zpl(n; u)® po(n)l_o‘ [/ s1(x;u)” so(x)l_o‘dx (14)

a—1

n=0
Note that the sum in (14) is the probability generating fiorcof the discrete distributiop,, (n; u) = p1(n;u)® po(n)'=*
with parameter, (u) = [ s1(x;u)® so(x) ~“dx.

Let us assume now that the predicted and the updated catylidistributions are both Poisson, with meaks
and A;(u), respectively, i.e.

6_)“))\0

n!

e—)n (u)/\1 (u)

C ) = 2 (15)

po(n) =

This corresponds to the assumption that both the predictddipdated RFSs are Poisson RFSs, and applies to the

recursions of the PHD filter. As stated eatrlier, in this case

Ao = /Do(x)dx, Al(u) = /Dl(x; u)dx, (16)

which follows from (8) since bothso(x) and s;(x;u) are normalised densities. The Rényi divergence (14) for

Poisson RFSs is then:

1 — 1 « L\ Y 1—a l1—a "
R(u) = P {—Al(u)a —Xo(l —a)+ log;::om [/ Ar(w)® s1(x;u) Ay~ so(x) dx] } @a7)
which using identitye® = - | L. simplifies to:
ayl—a
R(u) = Ao + 7 ila/\l(u) + Al(Z)f/\lo / s1(x;u)® so(x)1 7% dx. (18)

Let us now summarize the main steps of the PHD filter with sensgmnagement. After performing the PHD

update according to (5), the next sensor control vectorlectsl as:

u; = arg max E[R(v)] (19)

velUy

where

R(v) = /Dk|k—1(x)dx + & /Dk|k(X§V)dX - ﬁ /Dkk(x§ V) D1 (%) 7% dx (20)

and Dy, (x; v) is a shortened notation fdpy, ;. (x|Z1.x—1, Zx(v)), computed via the PHD filter update equation (6).
Note that the adopted framework for sensor control is diyespplicable to multiple observers if the fusion archi-

tecture is centralised and the measurements from diffexemgors/observers are asynchronous (non-simultarteous)

1For simultaneous multi-sensor measurements the PHD fiftdate has no closed form solution, see [19].
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Observe from (20) that if the predicted and updated intgrfaitctions are equal, i.€Dy,—;(x) = Dyr(x; 1),
thenR(v) = 0. For0 < « < 1, the third integral on the RHS of (20) is limited as follows:

0< /Dk|k(x; u) Dk‘k_l(x)l—a dx < [/ Dk“f(x;v)dx} : [/ Dk|k_1(x)dx} e (21)

Hence, the Rényi divergence in (20) will have the maximurueaf the support of the predicted PHD and the
support of the updated PHD do not overlap, thaf By, (x; u)* Dk|k_1(x)1—a dx ~ 0. The theoretical asymptotic
analysis of the locally optimum value af [20] shows thatn = 0.5 provides the best discrimination between the

two densities under consideration.

C. SMC implementation

The sequential Monte Carlo (SMC) method provides a genemaidwork for the implementation of PHD filter
recursions in (5) and (6). The resulting class of SMC-PH[@flthave received considerable interest recently, see
for example [21]-[25]. Assuming the PHD filter has been immated by the SMC method, this section provides
a brief description of the SMC implementation of the sensmitiol aspect, in particular egs. (19) and (20).

Assume a set of weighted random samples (particﬂe%}k_l,x};‘k_l}fil approximates the predicted intensity

function: N
Dyjp—1(%) = Y wjp 18, (%) (22)
=1

wheredy, (x) is the Dirac delta function. For a “future” measurementgtv), obtained upon the execution of

actionv € Uy, the updated intensity function is approximated as:
N .
Dyjp(x) ~ sz\kéx};‘kfl(x) (23)
i=1

where the Weightm);;uC are computed according to (6) as:

; ; ; pD(X2|k—1)9k(Z|X2\k—1)wiiqk—l
w2|k =1 —PD(X2|1¢—1)] w;c\k—l + Z (2) N (xi ) e (2% ) wi .
e Zn(v) k(Z) + >i=1PD Xkk—1) 96\ 21X 1) Wik—1

(24)
Note from (22) and (23) that an identical set of particlessediin approximating bot,_;(x) and Dy, (x) -
only particle weights are different. This is particularlgnvenient for the computation of the Rényi divergence in
(20), as its Monte Carlo approximation can then be written as

N . « N . 1 N . o . l-a
R(V) &Y wiyy + T—a > wpy, - -4 > <w2|/<;> (w;ﬂk—l) ' (25)
im1 i=1

While the first two terms on the RHS of (25) are straightfordyan the light of the recent discussion in [26], the
third term deserves further explanation, see Appendix.

The question remains how to carry out the expectafioover the future measurement s&g(v) in (19). One
approach is to generate an ensembl&pfv), for given clutter intensity:x(z), probability of detectiop and the

measurement likelihoody (z|x). This, however, would be computationally very intensivestéad, thepredicted



MANUSCRIPT PREPARED FOR THE IEEE TRANS. AES 8

ideal measurement sapproach [9] is adopted here. The idea is to generate onlyfudlne2 measurement set for
each actionv, the one which would result under the ideal conditions of neasurement noise, no clutter and
pp = 1. Suppose a measurement due to a single object can be expesse= h(x) + ¢, wherez € Zg(v),
X € Xk|k—1 is the predicted state of a detected object (hefigg_l is the predicted multi-object state), agds

measurement noise. Then for each actwoan ideal measurement set at tirhavould be [9]:

Zi(v) = Ugex,,,, (h(%)) (26)

This approach requires the estimé@tgm_l (the estimate of the number of predicted objects and thaie stectors).

An efficient (fast and accurate) method for multi-objecireation in the SMC framework is presented in [24].

IV. NUMERICAL EXAMPLE

In order to demonstrate the proposed reward function, densiie problem where a controllable moving observer,
equipped with a range-only sensor, is tasked to estimatauh@er of objects in a specified surveillance area and
their positions and velocities. A single-object state sntla vectox = [pT vT|T, wherep = [z y]T is the position
vector,v = [& ¢|T is the velocity vector, and denotes the matrix transpose.

Suppose the position of the observenis= [y ~]T7. The sensor is capable of detecting an object at locgiion
with the probability:

1, if [[p—ul| < Ro
pp(pP) = (27)
max{0,1 — (||p — u|| — Ro)h}, if [|p—ul|> Ry

where |[p — u|| = /(z — x)? + (y — 7)? is the distance between the observer and object. In sirnktve
adopt a surveillance area to be a square of sides1000m, with Ry = 320m and/ = 0.00025m~!. The range
measurement originating from an object at locatjeris thenz = ||p — ul|| + ¢, where( is zero-mean white
Gaussian measurement noise, with standard deviation giyen = oo + 3||p — u//%. In simulations we adopt
oo = 1m and$ = 5-10~°m~". Then the single-object likelihood function i (z|x) = N'(z;[|p — ul|,¢¢). The
sensor reports false range measurements, modelled by soRd&$S. The intensity function of false measurements
k(z) = - c(2) is specified by uniform density from zero {g2a, i.e. c(z) = U[0,/2a]), with meanyu = 0.5.

There are five objects in the surveillance area, positiop&dively close to each other. Their initial state vectors
are (the units are omitted)800, 600, —1,0]T, [650,500,0.3,0.6]T, [620, 700, 0.25, —0.45]T, [750, 800, 0, —0.6]T,
and [700, 700, 0.2, —0.6]T. The objects move according to the constant velocity motleé observer enters the
surveillance area at positiofi0, 10)m. Figure 1 show the location of objects (indicated by asks)i and the
observer path, aftet = 8 time steps. Current measurements are represented by astge(tiblue lines).

The described scenario for numerical simulations is degigor a good reason. In order to achieve a high level
of estimation accuracy using the PHD filter, the observengeg needs to move towards the objects and then to
remain in their vicinity, because in doing s, will be high ando, will be low. A sensor control policy that does

not follow this trend will result in a poor PHD filter error germance.
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Fig. 1. The position of objects and the observer at tilne- 8; current measurements are represented by arcs (dashedlibkes)

The details of the SMC-PHD filter for multi-object filteringeadescribed in [24], [27]. The number of particles
is 200 per estimated number of objects. The probability of suvivaset topg = 0.99, and the transition density

is T p—1(x[X") = N(x; Fx', Q), where

10T 0 /3 0 T?/2 0

01 0T 0 T3/3 0 T?%)2
F= ; Q=g

00 1 0 T%2/2 0 T 0

00 0 1 0 T2/2 0 T

with ¢ = 0.05 andT" = 1s. The object birth intensity is driven by measurements.[24]
The set of admissible control vectok$, is computed as follows. If the current position of the obserig

vi = [xx |7, its one-step ahead future admissible locations are:

Uk = {(Xk +jAR . COS(KA@),’}’]C —l—jAR . sin(ﬁAg)); j = 0,. .o ,NR;E = 1,. .o ,Ng} (28)

where Ay = 27 /Ny and Ay is a conveniently selected radial step size. In this way theeover can stay in its
current position(j = 0) or move radially in incremental steps. The following valwesre adopted in simulations:
Nr =2, Ny = 8 and Ar = 50m. In this way17 control options are considered at each time step and for each
of them, the reward function is computed as described in Ble€. If a control vectoru; € Uy is outside the
specified surveillance area, its reward is set-so; in this way the observer is always kept inside the area of
interest.

The comparative error performance of the SMC-PHD filter gdiree different reward functions for observer
control is discussed next. In addition to the Rényi divergebased reward, we considered (1) a uniform random
scheme; (2) the PENT criterion. The uniform random seldotsdontrol vector randomly from the s#&t. The

PENT was introduces for the control of sensors with a finitielfgd-view (FoV), for the purpose of selecting the
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action which will maximize the number of objects to be seent® sensor [10]. Since our sensor does not have
a finite field of view, this reward function turns out to be ipgadent of action and hence is expected to perform
poorly.

The adopted performance error metric is the optimal sutepatssignment (OSPA) metric [28]. The OSPA
measures the error between the estimated and the truetarghit statesX;, and Xy, respectively. Fig.2.(a) shows
the temporal evolution of the OSPA error (order paramgter2 and cutoffc = 100m) averaged over 200 Monte
Carlo runs for the three contesting reward functions. Theesponding localisation error and cardinality errors are
shown in Fig.2.(b) and (c) respectively. Initially the OSEAor is large (for all three reward functions) reflecting
the initial uncertainty about the number of objects andrtb&ites. As the time progresses and measurements are
collected, the PHD filter using the Rényi divergenae={ 0.5, o — 1) as the reward function performs superior to
the other two schemes. This is so because the Rényi diveegammediately controls the observer to move towards
the objects and then to zigzag in their vicinity in order tafpam accurate localisation based on range-only
measurements. Comparing the two OSPA error curves for iRBvgrgence, note that the = 0.5 case converges

quicker to the steady-state error (which is approximat#giged fork > 25) than thea — 1 case.

V. CONCLUSION

The paper considered information theoretic sensor managefor multi-object Bayes filtering. In this context,
analytic expressions for Rényi divergence between twesdgeoi random finite sets and between two IID cluster
random finite sets, have been derived. These expressionsece®m as measures of information gain between the
predicted and updated multi-object posterior densitiekéPHD filter or the cardinalized PHD filter, respectively. |
the context of partially observed Markov decision procesiwey represent the rewards associated with each future
sensor action. The numerical example demonstrated thetieéfieess of the proposed reward function for PHD
filtering with a controllable moving observer. Future worldhvinvestigate computationally efficient solutions for

PHD filtering with (1) multiple steps ahead sensor contral §2) sensor control in distributed fusion architecture.

APPENDIX

The problem is Monte Carlo approximation of the integral

7= /Dkzk(x)a Digje—1(%)' ™ dx,

which features in the third term on the RHS of (20). We adogtpdroximations (22) and (23) faby,,_(x)
and Dy, (x), respectively. Note that in both of these approximations,dame supporting particle s{et}‘g'k_l;z’ =

1,...,N} is used. Then we have:

11—«

N “ rN ‘
T~ / [szm 5xzk1(x)] [Zw2|k_1 5xzk1(x)] dx 29)
=1 i=1
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Fig. 2. Error performance of the three contesting rewardtions (averaged over 200 Monte Carlo runs): (a) OSPA netfiy) Localisation

error; (c) Cardinality error

Note that when a sum of delta functions is raised to an expgotiea “cross-terms” vanish due to the different
support of delta functions. Hence we can write:
-«

N o N
2o [ (30 (k)" g, 001 ) (30 (i) " B, G0 ) ax (30)

=1 i=1
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When the two sums of delta functions are multiplied, the 8srterms” again vanish for the same reason and the

approximation simplifies to:

N . « . l1—o
I = /;(wak) <wf€|k_1> 5X§;‘k71(x) dx (31)

11—«

= i(wim)a (whir) - (32)

1=1

The last expression features in the third term on the RHS B. (2
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