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Bernoulli Forward-Backward Smoothing for

Joint Target Detection and Tracking
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Abstract

In this paper we derive a forward-backward smoother for joint target detection and estimation and
propose a sequential Monte Carlo implementation. We model the target by a Bernoulli random finite set
since the target can be in one of two ‘present’ or ‘absent’ modes. Finite Set Statistics is used to derive
the smoothing recursion. Our results indicate that smoothing has two distinct advantages over just using
filtering: Firstly, we are able to more accurately identify the appearance and disappearance of a target in

the scene and secondly, we can provide improved state estimates when the target exists.
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I. INTRODUCTION

There has been considerable interest in filtering and smoothing in the last half-century, motivated
by the discovery in 1960 of the solution to the linear filtering problem [1]. Smoothing differs from
prediction and filtering in that the estimate of the state of the system at a specific point in time is to be
determined from a batch of measurements, some of which may be collected later than the time-step we
are interested in. Consequently, there is a delay in producing the estimate of the state at that time, though
more accurate estimates can be obtained since more information about the system is available. Since
the 1960’s, soon after the solutions to various filtering problems came corresponding solutions to the
smoothing problems [2], [3]. More recent work on non-linear filtering and smoothing has been inspired
by sequential Monte Carlo approximations to the Bayesian interpretation of filtering theory [4].

In surveillance applications, the target of interest may not always be present in the surveillance region.
A target can enter and exit the surveillance region at random instances. Moreover, due to background
clutter, exact knowledge of target existence in the surveillance area cannot be assumed. A filter that does
not account for existence of targets may follow spurious measurements when the target is not in the
scene and when the target enters the scene the tracker may not be able to lock-on to the target. Thus, it is
crucial that the filter detects the presence of the target as well as tracking it. The Bernoulli filter or Joint
Target-Detection and Tracking (JoTT) filter is a solution to the problem of joint detection and tracking
of a single target under the presence of detection uncertainty and clutter. In this paper, we derive the
forward-backward smoother for the Bernoulli model. Numerical results are presented using a sequential

Monte Carlo implementation. Preliminary results have been announced in [5].

II. JOINT TARGET DETECTION AND ESTIMATION

In a joint detection estimation problem, it is assumed that at most one target can be present, and that
the target can be in one of two ‘present’ or ‘absent’ modes. Thus, we model the target state Xj, at
time k, as finite set, which can take on either the empty set or a singleton. Mahler’s Finite Set Statistics
(FISST) provides practical mathematical tools for dealing with finite-set-valued random variable [6], [7],
including a consistent notion of integration and density. A Bernoulli random finite set (RFS) on X , with
parameters (r,p), has probability 1 — r of being empty, and probability r of being a singleton whose
(only) element is distributed according to a probability density p (defined on X’). The FISST probability
density of a Bernoulli RFS is (see [7] pp. 368)

1—r X =0,
m(X) = (D

rople) X ={z}

We write the (FISST) density of a Bernoulli density as m = (7, p).



A. Bernoulli state space model

For the dynamical model, let X_1, which can take on either the empty set () or {x;_1}, denote the
state at time k— 1. Conditional upon X;_; = (), the target can re-enter the scene with probability p R.k|k—1
and occupy kinematic state x;, with probability density fg jr—1(x), or remain absent from the scene

with probability 1 — pg j,—1. More concisely, conditional upon Xj_1 = (), X}, is the Bernoulli RFS

described by the density ¢p,—1(-|0) = (PR kjk—15 fREk—1)> i€

1 = DPRkKk-1; X =10,

Drej—1 (Xi|0) = (2)

PRk Rkk—1(Tk), Xk = {7k}

In addition, conditional upon Xj,_1 = {1}, with probability pg jr—1(zr—1) the target can survive to
the next time step and take on a new state z with probability density fy,—1 (xg|zK—1), or disappear with
probability 1 — pg yjx—1(7x—1). In other words, conditional upon X1 = {x}_1}, Xj is the Bernoulli

RFS described by the density ¢pp—1(-{zr-1}) = (Pspp—15 frp—1(l26-1)), ie.

1= pgfk—1(Tr-1), X, =10,

Orjp—1(Xe{zp-1}) = 3)

DS klk—1(Th—1) fujp—1(TklTh-1) Xk = {28}
For the measurement model, let X}, which can take on either the empty set () or {x}, denote the state
at time k. Conditional upon X} = {z1}, the measurements follow the standard single target in clutter
model [7], [8] with likelihood
— Kk k Zp—
M(Zi|z) = e~ () ([1 — Pk @KL 4o (@) Y gr(2la)ng m) (4)

ZGZk
where pp i (z5) is the probability of detection, gy (2|zy) is the likelihood of the target generated
measurement 2, ry, is the intensity of clutter, x2" = [I.cz, kk(2), and Z —{z} denotes a set difference.
On the other hand conditional upon X = (), all measurements must originate from clutter. Hence, the
likelihood of the measurement set Z;, at time k is
—(1, Z
e ¢ "“k>/<ck’“

’ Xk:(b

Vi (Z| X) = .
m(Zklr)  Xp = {z}

B. Bernoulli filter

Let myk—1(-|Z1:6-1)> Tkk(-|Z1:1), denote the predicted and filtered multi-target densities. Then, using
the FISST notion of integration and density, filtered density can be propagated forward in time by the

multi-target Bayes filter [6], [7]

Tlk—1(Xk| Z1:k-1) = /¢kk—1(Xk!X)7Tk—1|k—1(X!Z1:k1)5X, (5

Vi (Zk| X ) Tk po—1 (X Z1:k-1)
Xl Z1.) = 6
Tk Xkl Ank) = o R e (K| Ze1) X ©




where

/f(X)éX:Z;!/f({:cl,...,:ci})dxl--~dxi.
=0

is the set integral of a function f, which takes the finite subsets of the space X to the reals.
Under the Bernoulli model, an exact recursion for the predicted and filtering densities can easily be
obtained as stated in the following proposition. This result can be verified by substituting the transition

density and likelihood function into the multi-target Bayes filter [9].

Proposition 1 If the initial prior density is a Bernoulli, then under the Bernoulli state space model all
subsequent predicted and filtered densities are Bernoulli. Moreover let Tj,_1,—1 = (Tk—l\k—lapk—uk—l)

denote the filtered density at time k — 1, then the predicted density to time k is Ty = (rk|k_1,pk‘k_1),

where
Thik—1 = PRkk—1(1 = Th1jk—1) + Th—1jk—1 /pS,kkl(x)pkal(x)dx (7)
PRk—1(1 = T 1)) FRAk—=1(C) Tkt | Psfk—1(2) frjp—1(C2)Pp_1 )1 (z)d
Prjk—1(C) = +
Tklk—1 Tklk—1
3)
and the filtered density at time k is 7y, = (T, Pr|k) Where
B Trje—1 J M6 (Zx|2)prjp—1 (v)dx ©)
klk — )
P - rep—1)e D e [ Zgl2)pryg—i (2)da
Mk (Zk|2) prej—1 (@)
Prjp(z) | (10)

S Zel ) prjp—1 (z)dx”
Notice that the propagation of the probability of target existence 7, is now coupled to the propagation
of the distribution py;, of the kinematic state. The Bernoulli RFS filter used in the paper has been

independently derived by Mabhler as the JoTT filter in [7], section 14.7, and [9].

C. Forward-Backward Bernoulli Smoother

Forward-backward smoothing consists of forward filtering followed by backward smoothing. In the
forward pass, the filtering density is propagated forward to time [/ via the Bayes recursion. In the backward
pass, the smoothed density is propagated backward, from time [ to time k£ < [, via the backward smoothing
recursion (see for example [10]). In the set-valued case, the filtering density is propagated forward via
the multi-target Bayes recursion (5), (6) and the smoothed density 7y, is propagated backward, via the
multi-target backward smoothing recursion

Wku(Y)
Tie—1(Y)

The recursion (11) has the same form as the standard backward smoother expressed in terms of ordinary

Te—11(X) = 77k—1|k—1(X)/¢k|k—l(YX) oY (11)

densities and integrals. A simple way to derive (11) is to first apply the same argument as per the standard



backward smoother to relevant RFS probability densities, then invoke the relationship between FISST

density/integration with measure theoretic density/integration in [11].

Proposition 2 [f the initial prior density is a Bernoulli, then under the Bernoulli state space model all
smoothed densities are Bernoulli. Moreover let Ty = (rk“, pk”) denote the smoothed Bernoulli density

from time | to k, then the smoothed Bernoulli density from time | to k — 1 is mp_1); = (Tp—11, Pk—1)1);

where
T =1—(1—rg_1p-1) (O‘R,ku + BRkll /p:],i(c()g“) fR,kk1(C)dC> (12)
(e) = Pr—1)k—1(T) (Oés,ku(l’) + Bskp(T) pkpli‘l T fk|k 1(¢lz)d ) a3)
Pr—i\®
. IPr—1jp—1 (@) g g (x)de 4 [pr_1jp—1(2) Bs,p () pkpli”(f frp—1(Clx)dCdz
with
1 _
arp = (1 —PR,k|k1)(1(_7,::)1)7 (14)
Tk|l
Bri = PRAI-1 : (15)
klk—1
1 —
asp(r) = (1 —ps,k|k—1($))%, (16)
Tkl
Bs ki (z) = pS7k|k—1(33)T - (17)
klk—1

Proof: Suppose that 7; is Bernoulli. Then, it follows from (11) that

To—11(X) = Me—1jpe—1 (X) <¢k|k1(@|X)k|l /¢kk 1({y}X) ml({y}))dy)

Thol—1 ( 7Tk|k—1({y}

= i () (s 01) 1‘%” >+rkfl'i1 / ¢k|k1<{y}|x>pk”(”)dy)

I = 7rpp—1 Prik—1(y

For X = 0, mpqp1(X) = 1 = rpqjpe1s Grp—1(01X) = 1 — prpp—1, Prp—1({y}X) =
pR,k\k—lfR,mk—l(y)’ hence using (14), (15) gives

Pr(y)
T (0) = (1 = rp_1jp—1) (aR,ku + ﬁR,k|z/fR,kk—1(y)|dy> =1-rp_qy
pk|k—1(y>
For X = {z}, m_1jp—1(X) = me—1jp—1Pr—1jp—1(2)s Prje—1(0[X) =1 = pgpp—1(2), rp—1({y}X) =
Ps,k|k—1(T) frk—1(y|x), hence using (16), (17) gives
Pk|l( )

Te—1i({z}) = me—1p—1Pe—1p—1(2) | @spp(@) + Bspp(®) | frp—1 y|ﬂf) . 1(y)dy
As a function of x, the above expression does not necessarily integrate to 1. Therefore it is necessary
to normalize which then gives (13). The smoothed density 7;,_1; is indeed a Bernoulli since from the

property of a FISST density fwk_”l(X)éx = 1, and as a consequence rj_j; = fwk_lu({x})dx. This



equation is not obvious from the expression for 7, _;;({z}) and rj,_;;. However, this can be verified by

noting that

/Wk—ll({x})dx = Tk—1k_1/Pk-1k—1($)as,kz($)d$

pr(y)
Pkk k—1(Y)

For the first integral on the RHS of the above, substituting (16) for a&ku(:ﬂ), then rearrange using (7)

+ TR 1)k— 1//1% 1k—1(2) B3 )1 () fre|o— 1(2/|93) dydz

and (14) gives
L= — appp(l = re—1jp—1)

/pk1|k1(w)as7k|l(x)dx =

Tk—1]k—1
For the double integral, substituting (17) for Bg (), then rearrange using (8) and (17) gives

Py ) dyd Tku*(1*Tk—uk—l)5R,k|k—1f%pk|l( )dy
€r =
Pk|k— 1(y) Tk—1]k—1

//pk k1 (2) Bs g (2) frppa (W]w) —— =

Hence, [ m;_1;({z})dz = r;_1). Since m; is Bernoulli by virtue of Proposition 1, it follows by induction

that each smoothed density is also Bernoulli.

III. SEQUENTIAL MONTE CARLO IMPLEMENTATION
A. Prediction

The prediction involves a sum of two terms similar to the PHD filter [6] and the implementation is
adopted from [11]. Suppose at time k — 1 that the Bernoulli density 7;_y,_; is represented by rj_q5—1
and a set of weighted particles {w,(fll, 5’3;21 Z]-V:’“f ', e

Ny
Pr—1k—1(7 Zwk15<>x.

Then the predicted probability of target existence and track density are approximated with

Ni_1 ) A
~ (1— )+ (2) ( (4) )
Tk|k—1 =~ PR k|k—1 Tk—1|k—1 Tk—1]k—1 WE_1PS k|k—1\T 1
i=1
Nyp_1+Jx
P (o) = D w00 ()

where the particles are drawn from two proposal distributions with appropriate support,

(Z) gk (""Bgzla Zk) ’ 1= 17 "'7Nk—1
.Z'k ~
sk (| Zk), i = Ng—1+1,...; N1+ Ji
Th—1|k—1 pS,Mk*l(x(Ij)l)fk‘k 1( )|Ik 1)“’1(\)1
(i) Thlk—1 ax(z|2 |, Z1) ’

w
klk—1 1—rp_1jk—1 PR k|k— 1fR k- 1(4U§€))

Thk—1 Jksk(x,(f”Zk)




B. Update

After the prediction, suppose at time k that the predicted density 7y, is represented by ry;_; and

a set of weighted particles {wk\k 1 x(l)}fv:’“{’“‘l, ie.

N1
Tel—1( Z wk\k 15x( ().
Then, the updated probability of target existence is
Npig— i i
Th|k— 12- T g e (Zel )

(1 — Tk‘k,1)€7<ﬁk Dk +7"k\k 1 Z Mk ! wz(;‘)k 177’9( k|xl(cl|)k—1)
and the updated track density is

Tklk =

Nijk—1
Pk (T Z wk 5 w(

where

wf) = 3 g

w®

@if) (Zk|$k\k Pw k|k—1°

The recursion is initialized by generating a set of weighted particles {wo ,xé )}N °| representing pojo-

C. Backward Smoothing

The backward smoothing works backward from time [ and uses the smoothed density at time [ with
the filtered density for each time-step to obtain a smoothed particle approximation of the single-target
density and existence probability.

Assume we have 7y, 711; and the particle approximations

Nk
i)
e Zwk 5,00
Nk+1u
w 1) T
Pr1(® Z S 20, (@)

Then, the particle approximations of ry;, and pk“ are given by

Nitap ()
(1= 7rqap) Tk+1]1 o TrRere(Ep)
e ~ 1= (1= rgp) OTI) (1= Prr1x) + ; g weie D “’i(c]+)1\l () |
k+1]k k+-1[k j=1 Pk+1\k(xk+1u)
Nk
prpi(x Z wk|l(5 o
where
(n)
~@) Wk
k|l N,
S wiy)

N1t

() _ (0= erap) (1 (@) wf? + L3 ()0 Srrn(eiilal’)
Wi = — Ps k1T ") ) Wy PS 1T W) ' Ok
I (1 — rk+1\k) Tk+1lk j=1 +1 pk+1‘k(xl(c]—&)-1\l)




and the predicted density is computed by pk+1|k(:c§£1|l) = Zivz’“{" w,(:)fkﬂm(a:,(jlw]mg)).

The convergence of the particle approximation to the integrals in equations (12) and (13) can be verified

with well understood property of empirical measures (see chapters 1 and 2 of [4]).

IV. NUMERICAL STUDIES

In this section, we present results of the proposed sequential Monte Carlo forward-backward smoother
and illustrate the resulting performance improvement over filtering.

We consider a nearly constant turn model with varying turn rate together with bearing and range
measurements. The observation region is the half disc of radius 2000m. The state variable x}, = [i{wk]T

comprises the planar position and velocity :Ef = [Pa,ks Dz ks Dy, ks Dy, k] as well as the turn rate wy,. The

state transition model is

Ty = F(wp—1)Tp—1 + GUp—1,

W = wi—1 + Aug_1,

where

sin wA 0 _ l—coswA ]

w w

coswA 0 —sinwA

w w

1
0
0 1— SoswA 1 sinwA
0

sin wA 0 coswA

20
A 0
G = Az
0 5
0 A

A =18, vp_1 ~ N(+0,02) with 0, = 5ms~2, and ux_1 ~ N(+;0,02) with o, = 7/180rads~2. The
probability of survival is pg -1 = 0.99. The observation region is the half disc [~ /2,7 /2]rad x
[0,2000]m. The probability of target birth is prrr—1 = 0.01 and the birth state density is
frik—1() = N(@;mp k-1, Qrkjk—1) Where mppp_1 = [—11,-13,107,21,0.1] and Qggr—1 =

diag([100, 10,100, 10,0.01]2). The target measurement is a noisy bearing and range vector

2 = [arctan(pe k/Py.k)s \ /P2 g, + pz,k]T + ek,

where €, ~ N (+;0, R), with Ry, = diag([o,02]), 0 = 1.5(7/180)rad, and o, = 10m. The probability
of detection is pp = 0.88. Clutter follows a Poisson RFS with a mean rate of 30 returns per scan and

a uniform spatial distribution on the observation region.



At each time step, N = 1000 are sampled from the prediction for the proposal, J = 1000 new particles
are sampled directly from the birth density, and 1000 particles are resampled from the posterior following
each update.

State estimation is performed with the following simple procedure. A target is declared present if
the estimated probability of existence is greater than 0.5, otherwise no target is declared. If a target is
declared, the state estimate is given by the mean of the posterior state distribution, otherwise if no target
is declared, there is no state estimate.

We evaluate filter performance using the Optimal Sub-Pattern Assignment (OSPA) multi-target miss-
distance. We use the OSPA metric because it jointly captures differences in cardinality and individual
elements between two finite sets in a mathematically consistent yet intuitively meaningful way [12].

For joint detection and tracking we only need the OSPA distance between two finite sets with cardinality
of at most one. The construction of the OSPA distance d(oczq pa(X,Y) between two finite sets X and YV’
with cardinality of at most one is as follows. d(OC)SPA((D,(D) =0, dggPA({x}, {y}) = min(||lz —y| , ¢),
d(oc)s pa{z},0) = dgé pa(0,{z}) = c. The cut-off parameter ¢ determines the relative weighting of the
penalties assigned to cardinality and localization errors. For further details see [12].

The simulation is run over 100 time steps, where a target was initialized at time step & = 11 and
terminated at time step k£ = 94. The forward filter is run as per usual, and the backward smoother is run
for a lag of 3 time steps. An example simulation is given in Figures 1 and 2, showing the measurements,
true trajectory and the resulting filtered and smoothed estimates. It can be seen that the filter initiates
and terminates the tracks with some delay, while the smoother does this instantaneously, and that the
state estimates from the smoother are slightly improved over that of the filter. These observations are
confirmed by the results of 1000 Monte Carlo trials. The values of the OSPA distance for ¢ = 100m are
shown in Figures 3 and 4 showing the total OSPA, along with its localization and cardinality components.
The performance of the 1 and 2 lag smoothers is also shown. The miss distance spikes when the target
appears and disappears, and maintains a value consistent with the measurement noise in between these
times. The smoothers can be seen to perform better with increasing lag, and all perform better than the
filter, incurring a lower error when the target appears and disappears, and also for the duration of the
target existence. Over the entire scenario, the filter averages an error of 27.9m, the 1-lag smoother 23.6m,

the 2-lag smoother 21.4m, and the 3-lag smoother 20.6m.

V. DISCUSSION

In this paper, we demonstrate the first practical implementation of Bayesian smoothing using Finite
Set Statistics, in the context of the joint detection and estimation of a single target. In particular, the

forward backward smoother was derived using Finite Set Statistics, and a particle implementation was
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Fig. 4. OSPA Localization and Cardinality Components for filter and smoothers

given. We have also demonstrated that the use of smoothing can lead to an improvement in performance,

both in the identification of whether there is a target present, and if so, in the state estimate itself.
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