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Abstract

In this paper we derive a forward-backward smoother for joint target detection and estimation and

propose a sequential Monte Carlo implementation. We model the target by a Bernoulli random finite set

since the target can be in one of two ‘present’ or ‘absent’ modes. Finite Set Statistics is used to derive

the smoothing recursion. Our results indicate that smoothing has two distinct advantages over just using

filtering: Firstly, we are able to more accurately identify the appearance and disappearance of a target in

the scene and secondly, we can provide improved state estimates when the target exists.
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I. INTRODUCTION

There has been considerable interest in filtering and smoothing in the last half-century, motivated

by the discovery in 1960 of the solution to the linear filtering problem [1]. Smoothing differs from

prediction and filtering in that the estimate of the state of the system at a specific point in time is to be

determined from a batch of measurements, some of which may be collected later than the time-step we

are interested in. Consequently, there is a delay in producing the estimate of the state at that time, though

more accurate estimates can be obtained since more information about the system is available. Since

the 1960’s, soon after the solutions to various filtering problems came corresponding solutions to the

smoothing problems [2], [3]. More recent work on non-linear filtering and smoothing has been inspired

by sequential Monte Carlo approximations to the Bayesian interpretation of filtering theory [4].

In surveillance applications, the target of interest may not always be present in the surveillance region.

A target can enter and exit the surveillance region at random instances. Moreover, due to background

clutter, exact knowledge of target existence in the surveillance area cannot be assumed. A filter that does

not account for existence of targets may follow spurious measurements when the target is not in the

scene and when the target enters the scene the tracker may not be able to lock-on to the target. Thus, it is

crucial that the filter detects the presence of the target as well as tracking it. The Bernoulli filter or Joint

Target-Detection and Tracking (JoTT) filter is a solution to the problem of joint detection and tracking

of a single target under the presence of detection uncertainty and clutter. In this paper, we derive the

forward-backward smoother for the Bernoulli model. Numerical results are presented using a sequential

Monte Carlo implementation. Preliminary results have been announced in [5].

II. JOINT TARGET DETECTION AND ESTIMATION

In a joint detection estimation problem, it is assumed that at most one target can be present, and that

the target can be in one of two ‘present’ or ‘absent’ modes. Thus, we model the target state Xk, at

time k, as finite set, which can take on either the empty set or a singleton. Mahler’s Finite Set Statistics

(FISST) provides practical mathematical tools for dealing with finite-set-valued random variable [6], [7],

including a consistent notion of integration and density. A Bernoulli random finite set (RFS) on X , with

parameters (r, p), has probability 1 − r of being empty, and probability r of being a singleton whose

(only) element is distributed according to a probability density p (defined on X ). The FISST probability

density of a Bernoulli RFS is (see [7] pp. 368)

π(X) =





1− r

r · p(x)

X = ∅,
X = {x}

. (1)

We write the (FISST) density of a Bernoulli density as π = (r, p).
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A. Bernoulli state space model

For the dynamical model, let Xk−1, which can take on either the empty set ∅ or {xk−1}, denote the

state at time k−1. Conditional upon Xk−1 = ∅, the target can re-enter the scene with probability pR,k|k−1

and occupy kinematic state xk with probability density fR,k|k−1(xk), or remain absent from the scene

with probability 1 − pR,k|k−1. More concisely, conditional upon Xk−1 = ∅, Xk is the Bernoulli RFS

described by the density φk|k−1(·|∅) = (pR,k|k−1, fR,k|k−1), i.e.

φk|k−1(Xk|∅) =





1− pR,k|k−1, Xk = ∅,
pR,k|k−1fR,k|k−1(xk), Xk = {xk}

. (2)

In addition, conditional upon Xk−1 = {xk−1}, with probability pS,k|k−1(xk−1) the target can survive to

the next time step and take on a new state xk with probability density fk|k−1(xk|xk−1), or disappear with

probability 1 − pS,k|k−1(xk−1). In other words, conditional upon Xk−1 = {xk−1}, Xk is the Bernoulli

RFS described by the density φk|k−1(·|{xk−1}) = (pS,k|k−1, fk|k−1(·|xk−1)), i.e.

φk|k−1(Xk|{xk−1}) =





1− pS,k|k−1(xk−1), Xk = ∅,
pS,k|k−1(xk−1)fk|k−1(xk|xk−1) Xk = {xk}

. (3)

For the measurement model, let Xk, which can take on either the empty set ∅ or {xk}, denote the state

at time k. Conditional upon Xk = {xk}, the measurements follow the standard single target in clutter

model [7], [8] with likelihood

ηk(Zk|x) = e−〈κk,1〉
(

[1− pD,k (x)]κZk

k + pD,k (x)
∑

z∈Zk

gk(z|x)κZk−{z}
k

)
(4)

where pD,k (xk) is the probability of detection, gk (z|xk) is the likelihood of the target generated

measurement z, κk is the intensity of clutter, κZk

k =
∏

z∈Zk
κk(z), and Zk−{z} denotes a set difference.

On the other hand conditional upon Xk = ∅, all measurements must originate from clutter. Hence, the

likelihood of the measurement set Zk at time k is

γk(Zk|Xk) =





e−〈1,κk〉κZk

k , Xk = ∅
ηk(Zk|x) Xk = {x}

.

B. Bernoulli filter

Let πk|k−1(·|Z1:k−1), πk|k(·|Z1:k), denote the predicted and filtered multi-target densities. Then, using

the FISST notion of integration and density, filtered density can be propagated forward in time by the

multi-target Bayes filter [6], [7]

πk|k−1(Xk|Z1:k−1) =
∫

φk|k−1(Xk|X)πk−1|k−1(X|Z1:k−1)δX, (5)

πk|k(Xk|Z1:k) =
γk(Zk|Xk)πk|k−1(Xk|Z1:k−1)∫
γk(Zk|X)πk|k−1(X|Z1:k−1)δX

, (6)
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where ∫
f(X)δX =

∞∑

i=0

1
i!

∫
f({x1, ..., xi})dx1 · · · dxi.

is the set integral of a function f , which takes the finite subsets of the space X to the reals.

Under the Bernoulli model, an exact recursion for the predicted and filtering densities can easily be

obtained as stated in the following proposition. This result can be verified by substituting the transition

density and likelihood function into the multi-target Bayes filter [9].

Proposition 1 If the initial prior density is a Bernoulli, then under the Bernoulli state space model all

subsequent predicted and filtered densities are Bernoulli. Moreover let πk−1|k−1 = (rk−1|k−1, pk−1|k−1)

denote the filtered density at time k−1, then the predicted density to time k is πk|k−1 = (rk|k−1, pk|k−1),

where

rk|k−1 = pR,k|k−1(1− rk−1|k−1) + rk−1|k−1

∫
pS,k|k−1(x)pk−1|k−1(x)dx (7)

pk|k−1(ζ) =
pR,k|k−1(1− rk−1|k−1)fR,k|k−1(ζ)

rk|k−1
+

rk−1|k−1

∫
pS,k|k−1(x)fk|k−1(ζ|x)pk−1|k−1(x)dx

rk|k−1

(8)

and the filtered density at time k is πk|k = (rk|k, pk|k) where

rk|k =
rk|k−1

∫
ηk(Zk|x)pk|k−1(x)dx

(1− rk|k−1)e−〈κk,1〉κZk

k + rk|k−1

∫
ηk(Zk|x)pk|k−1(x)dx

, (9)

pk|k(x) =
ηk(Zk|x)pk|k−1(x)∫
ηk(Zk|x)pk|k−1(x)dx

. (10)

Notice that the propagation of the probability of target existence rk|k is now coupled to the propagation

of the distribution pk|k of the kinematic state. The Bernoulli RFS filter used in the paper has been

independently derived by Mahler as the JoTT filter in [7], section 14.7, and [9].

C. Forward-Backward Bernoulli Smoother

Forward-backward smoothing consists of forward filtering followed by backward smoothing. In the

forward pass, the filtering density is propagated forward to time l via the Bayes recursion. In the backward

pass, the smoothed density is propagated backward, from time l to time k < l, via the backward smoothing

recursion (see for example [10]). In the set-valued case, the filtering density is propagated forward via

the multi-target Bayes recursion (5), (6) and the smoothed density πk|l is propagated backward, via the

multi-target backward smoothing recursion

πk−1|l(X) = πk−1|k−1(X)
∫

φk|k−1(Y |X)
πk|l(Y )

πk|k−1(Y )
δY. (11)

The recursion (11) has the same form as the standard backward smoother expressed in terms of ordinary

densities and integrals. A simple way to derive (11) is to first apply the same argument as per the standard
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backward smoother to relevant RFS probability densities, then invoke the relationship between FISST

density/integration with measure theoretic density/integration in [11].

Proposition 2 If the initial prior density is a Bernoulli, then under the Bernoulli state space model all

smoothed densities are Bernoulli. Moreover let πk|l = (rk|l, pk|l) denote the smoothed Bernoulli density

from time l to k, then the smoothed Bernoulli density from time l to k − 1 is πk−1|l = (rk−1|l, pk−1|l),

where

rk−1|l = 1− (1− rk−1|k−1)
(

αR,k|l + βR,k|l

∫
pk|l(ζ)

pk|k−1(ζ)
fR,k|k−1(ζ)dζ

)
(12)

pk−1|l(x) =
pk−1|k−1(x)

(
αS,k|l(x) + βS,k|l(x)

∫ pk|l(ζ)
pk|k−1(ζ) fk|k−1(ζ|x)dζ

)

∫
pk−1|k−1(x)αS,k|l(x)dx +

∫
pk−1|k−1(x)βS,k|l(x)

∫ pk|l(ζ)
pk|k−1(ζ) fk|k−1(ζ|x)dζdx

(13)

with

αR,k|l = (1− pR,k|k−1)
(1− rk|l)

(1− rk|k−1)
, (14)

βR,k|l = pR,k|k−1

rk|l
rk|k−1

, (15)

αS,k|l(x) = (1− pS,k|k−1(x))
(1− rk|l)

(1− rk|k−1)
, (16)

βS,k|l(x) = pS,k|k−1(x)
rk|l

rk|k−1
. (17)

Proof: Suppose that πk|l is Bernoulli. Then, it follows from (11) that

πk−1|l(X) = πk−1|k−1(X)
(

φk|k−1(∅|X)
πk|l(∅)

πk|k−1(∅)
+

∫
φk|k−1({y}|X)

πk|l({y})
πk|k−1({y})

dy

)

= πk−1|k−1(X)
(

φk|k−1(∅|X)
(

1− rk|l
1− rk|k−1

)
+

rk|l
rk|k−1

∫
φk|k−1({y}|X)

pk|l(y)
pk|k−1(y)

dy

)

For X = ∅, πk−1|k−1(X) = 1 − rk−1|k−1, φk|k−1(∅|X) = 1 − pR,k|k−1, φk|k−1({y}|X) =

pR,k|k−1fR,k|k−1(y), hence using (14), (15) gives

πk−1|l(∅) =
(
1− rk−1|k−1

)(
αR,k|l + βR,k|l

∫
fR,k|k−1(y)

pk|l(y)
pk|k−1(y)

dy

)
= 1− rk−1|l

For X = {x}, πk−1|k−1(X) = rk−1|k−1pk−1|k−1(x), φk|k−1(∅|X) = 1− pS,k|k−1(x), φk|k−1({y}|X) =

pS,k|k−1(x)fk|k−1(y|x), hence using (16), (17) gives

πk−1|l({x}) = rk−1|k−1pk−1|k−1(x)
(

αS,k|l(x) + βS,k|l(x)
∫

fk|k−1(y|x)
pk|l(y)

pk|k−1(y)
dy

)

As a function of x, the above expression does not necessarily integrate to 1. Therefore it is necessary

to normalize which then gives (13). The smoothed density πk−1|l is indeed a Bernoulli since from the

property of a FISST density
∫

πk−1|l(X)δx = 1, and as a consequence rk−1|l =
∫

πk−1|l({x})dx. This
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equation is not obvious from the expression for πk−1|l({x}) and rk−1|l. However, this can be verified by

noting that
∫

πk−1|l({x})dx = rk−1|k−1

∫
pk−1|k−1(x)αS,k|l(x)dx

+ rk−1|k−1

∫ ∫
pk−1|k−1(x)βS,k|l(x)fk|k−1(y|x)

pk|l(y)
pk|k−1(y)

dydx

For the first integral on the RHS of the above, substituting (16) for αS,k|l(x), then rearrange using (7)

and (14) gives ∫
pk−1|k−1(x)αS,k|l(x)dx =

1− rk|l − αR,k|l(1− rk−1|k−1)
rk−1|k−1

For the double integral, substituting (17) for βS,k|l(x), then rearrange using (8) and (17) gives

∫ ∫
pk−1|k−1(x)βS,k|l(x)fk|k−1(y|x)

pk|l(y)
pk|k−1(y)

dydx =
rk|l−(1−rk−1|k−1)βR,k|k−1

∫ fR,k|k−1(y)
pk|k−1(y) pk|l(y)dy

rk−1|k−1

Hence,
∫

πk−1|l({x})dx = rk−1|l. Since πl|l is Bernoulli by virtue of Proposition 1, it follows by induction

that each smoothed density is also Bernoulli.

III. SEQUENTIAL MONTE CARLO IMPLEMENTATION

A. Prediction

The prediction involves a sum of two terms similar to the PHD filter [6] and the implementation is

adopted from [11]. Suppose at time k− 1 that the Bernoulli density πk−1|k−1 is represented by rk−1|k−1

and a set of weighted particles {w(i)
k−1, x

(i)
k−1}Nk−1

i=1 , i.e.

pk−1|k−1(x) ≈
Nk−1∑

i=1

w
(i)
k−1δx

(i)
k−1

(x).

Then the predicted probability of target existence and track density are approximated with

rk|k−1 ≈ pR,k|k−1(1− rk−1|k−1) + rk−1|k−1

Nk−1∑

i=1

w
(i)
k−1pS,k|k−1(x

(i)
k−1)

pk|k−1(x) ≈
Nk−1+Jk∑

i=1

w
(i)
k|k−1δx

(i)
k

(xk)

where the particles are drawn from two proposal distributions with appropriate support,

x
(i)
k ∼





qk

(
·|x(i)

k−1, Zk

)
, i = 1, ..., Nk−1

sk (·|Zk) , i = Nk−1 + 1, ..., Nk−1 + Jk

w
(i)
k|k−1 =





rk−1|k−1

rk|k−1

pS,k|k−1(x
(i)
k−1)fk|k−1(x

(i)
k |x(i)

k−1)w
(i)
k−1

qk(x
(i)
k |x(i)

k−1,Zk)
,

1−rk−1|k−1

rk|k−1

pR,k|k−1fR,k|k−1(x
(i)
k )

Jksk(x
(i)
k |Zk)

.
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B. Update

After the prediction, suppose at time k that the predicted density πk|k−1 is represented by rk|k−1 and

a set of weighted particles {w(i)
k|k−1, x

(i)
k }

Nk|k−1

i=1 , i.e.

πk|k−1(x) ≈
Nk|k−1∑

i=1

w
(i)
k|k−1δx

(i)
k

(x).

Then, the updated probability of target existence is

rk|k =
rk|k−1

∑Nk|k−1
i=1 w

(i)

k|k−1ηk(Zk|x(i)

k|k−1)

(1− rk|k−1)e−〈κk,1〉κZk
k + rk|k−1

∑Nk|k−1
i=1 w

(i)

k|k−1ηk(Zk|x(i)

k|k−1)

and the updated track density is

pk|k(x) ≈
Nk|k−1∑

i=1

w
(i)
k δx

(i)
k

(x)

where

w
(i)
k = w̃

(i)
k /

∑Nk|k−1

i=1
w̃

(i)
k ,

w̃
(i)
k = ηk(Zk|x(i)

k|k−1)w
(i)
k|k−1.

The recursion is initialized by generating a set of weighted particles {w(i)
0 , x

(i)
0 }N0

i=1 representing p0|0.

C. Backward Smoothing

The backward smoothing works backward from time l and uses the smoothed density at time l with

the filtered density for each time-step to obtain a smoothed particle approximation of the single-target

density and existence probability.

Assume we have rk|k, rk+1|l and the particle approximations

pk|k(x) ≈
Nk|k∑

i=1

w
(i)
k δx

(i)
k

(x)

pk+1|l(x) ≈
Nk+1|l∑

j=1

w
(j)
k+1|lδx

(j)
k+1|l

(x)

Then, the particle approximations of rk|l, and pk|l are given by

rk|l ≈ 1− (1− rk|k)


 (1− rk+1|l)

(1− rk+1|k)
(
1− pR,k+1|k

)
+

rk+1|l
rk+1|k

pR,k+1|k

Nk+1|l∑

j=1

w
(j)
k+1|l

fR,k+1|k(x
(j)
k+1|l)

pk+1|k(x
(j)
k+1|l)




pk|l(x) ≈
Nk|k∑

i=1

w̃
(i)
k|lδx

(i)
k

(x)

where

w̃
(i)
k|l =

w
(n)
k|l∑Nk|k

n=1 w
(n)
k|l

w
(i)
k|l =

(1− rk+1|l)
(1− rk+1|k)

(
1− pS,k+1|k(x

(i)
k )

)
w

(i)
k +

rk+1|l
rk+1|k

Nk+1|l∑

j=1

pS,k+1|k(x
(i)
k )w(j)

k+1|l
fk+1|k(x

(j)
k+1|l|x

(i)
k )

pk+1|k(x
(j)
k+1|l)

w
(i)
k
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and the predicted density is computed by pk+1|k(x
(j)
k+1|l) =

∑Nk|k
i=1 w

(i)
k fk+1|k(x

(j)
k+1|l|x

(i)
k ).

The convergence of the particle approximation to the integrals in equations (12) and (13) can be verified

with well understood property of empirical measures (see chapters 1 and 2 of [4]).

IV. NUMERICAL STUDIES

In this section, we present results of the proposed sequential Monte Carlo forward-backward smoother

and illustrate the resulting performance improvement over filtering.

We consider a nearly constant turn model with varying turn rate together with bearing and range

measurements. The observation region is the half disc of radius 2000m. The state variable xk = [x̃T
k ωk]T

comprises the planar position and velocity x̃T
k = [px,k, ṗx,k, py,k, ṗy,k] as well as the turn rate ωk. The

state transition model is

x̃k = F (ωk−1)x̃k−1 + Gνk−1,

ωk = ωk−1 + ∆uk−1,

where

F (ω) =




1 sin ω∆
ω 0 −1−cos ω∆

ω

0 cosω∆ 0 − sinω∆

0 1− cos ω∆
ω 1 sin ω∆

ω

0 sinω∆ 0 cosω∆




.

G =




∆2

2 0

∆ 0

0 ∆2

2

0 ∆




.

∆ = 1s, νk−1 ∼ N (·; 0, σ2
ν) with σν = 5ms−2, and uk−1 ∼ N (·; 0, σ2

u) with σu = π/180rads−2. The

probability of survival is pS,k|k−1 = 0.99. The observation region is the half disc [−π/2, π/2]rad ×
[0, 2000]m. The probability of target birth is pR,k|k−1 = 0.01 and the birth state density is

fR,k|k−1(x) = N (x; mR,k|k−1, QR,k|k−1) where mR,k|k−1 = [−11,−13, 107, 21, 0.1] and QR,k|k−1 =

diag([100, 10, 100, 10, 0.01]2). The target measurement is a noisy bearing and range vector

zk = [arctan(px,k/py,k),
√

p2
x,k + p2

y,k]
T + εk,

where εk ∼ N (·; 0, Rk), with Rk = diag([σ2
θ , σ

2
r ]), σθ = 1.5(π/180)rad, and σr = 10m. The probability

of detection is pD,k = 0.88. Clutter follows a Poisson RFS with a mean rate of 30 returns per scan and

a uniform spatial distribution on the observation region.
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At each time step, N = 1000 are sampled from the prediction for the proposal, J = 1000 new particles

are sampled directly from the birth density, and 1000 particles are resampled from the posterior following

each update.

State estimation is performed with the following simple procedure. A target is declared present if

the estimated probability of existence is greater than 0.5, otherwise no target is declared. If a target is

declared, the state estimate is given by the mean of the posterior state distribution, otherwise if no target

is declared, there is no state estimate.

We evaluate filter performance using the Optimal Sub-Pattern Assignment (OSPA) multi-target miss-

distance. We use the OSPA metric because it jointly captures differences in cardinality and individual

elements between two finite sets in a mathematically consistent yet intuitively meaningful way [12].

For joint detection and tracking we only need the OSPA distance between two finite sets with cardinality

of at most one. The construction of the OSPA distance d
(c)
OSPA(X,Y ) between two finite sets X and Y

with cardinality of at most one is as follows. d
(c)
OSPA(∅, ∅) = 0, d

(c)
OSPA({x}, {y}) = min(‖x− y‖ , c),

d
(c)
OSPA({x}, ∅) = d

(c)
OSPA(∅, {x}) = c. The cut-off parameter c determines the relative weighting of the

penalties assigned to cardinality and localization errors. For further details see [12].

The simulation is run over 100 time steps, where a target was initialized at time step k = 11 and

terminated at time step k = 94. The forward filter is run as per usual, and the backward smoother is run

for a lag of 3 time steps. An example simulation is given in Figures 1 and 2, showing the measurements,

true trajectory and the resulting filtered and smoothed estimates. It can be seen that the filter initiates

and terminates the tracks with some delay, while the smoother does this instantaneously, and that the

state estimates from the smoother are slightly improved over that of the filter. These observations are

confirmed by the results of 1000 Monte Carlo trials. The values of the OSPA distance for c = 100m are

shown in Figures 3 and 4 showing the total OSPA, along with its localization and cardinality components.

The performance of the 1 and 2 lag smoothers is also shown. The miss distance spikes when the target

appears and disappears, and maintains a value consistent with the measurement noise in between these

times. The smoothers can be seen to perform better with increasing lag, and all perform better than the

filter, incurring a lower error when the target appears and disappears, and also for the duration of the

target existence. Over the entire scenario, the filter averages an error of 27.9m, the 1-lag smoother 23.6m,

the 2-lag smoother 21.4m, and the 3-lag smoother 20.6m.

V. DISCUSSION

In this paper, we demonstrate the first practical implementation of Bayesian smoothing using Finite

Set Statistics, in the context of the joint detection and estimation of a single target. In particular, the

forward backward smoother was derived using Finite Set Statistics, and a particle implementation was
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Fig. 1. Standard Filter Results
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Fig. 2. Forward-Backward 3-Lag Smoother Results
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Fig. 3. OSPA Distance for filter and smoothers
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Fig. 4. OSPA Localization and Cardinality Components for filter and smoothers

given. We have also demonstrated that the use of smoothing can lead to an improvement in performance,

both in the identification of whether there is a target present, and if so, in the state estimate itself.
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