A Gaussian Mixture PHD Filter for Nonlinear Jump Markov Models
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Abstract—The probability hypothesis density (PHD) filter ~Poisson false alarms, target motions and time-varying num-
is an attractive approach to tracking an unknown, and time-  per of targets. The generic sequential Monte Carlo implemen-
varying number of targets in the presence of data association tation of the PHD filter [3] can accommodate any Markovian
uncertainty, clutter, noise, and miss-detection. The PHD filter S - .
has a closed form solution under linear Gaussian assumptions target dynamics '”C'U‘?“”g JMS models. However, the main
on the target dynamics and births. However, the linear Gaussian drawbacks of the particle approach are the large number of
multi-target model is not general enough to accommodate particles, and the unreliability of clustering techniques for
maneuvering targets, since these targets follow jump Markov extracting state estimates [3], [4]. A closed form solution to
system models. In this paper, we propose an analytic imple- he PHD recursion was proposed for linear Gaussian multi-

mentation of the PHD filter for jump Markov system (JMS) . . .
multi-target model. Our approach is based on a closed form target models in [4], [S] and generalized to handle linear

solution to the PHD filter for linear Gaussian JMS mult-  Gaussian IMS (LGIMS) multi-target models in [6].
target model and the unscented transform. Using simulations,  Although the LGIMS-PHD filter [6] shows great promise,
we demonstrate that the proposed PHD filtering algorithm is  many real world problems do not follow linear jump Markov
effective in tracking multiple maneuvering targets. models. Moreover, at present, there is no tractable analytical
method for tracking multiple targets with nonlinear jump
Markov dynamics. In this paper we present a simple exten-
_ ) sion of the LGIJMS-PHD recursion to handle nonlinear jump
In a multi-target environment, the number of target§ arkov dynamics. This extension is based on an analytic ap-
changes with time due to targets appearing, disappearingoximation of the PHD recursion that combines the LGIMS-
and it is not known which target generated which measurgp filter [6] and the unscented transform [7]. The resulting
ment. Tracking multiple maneuvering targets involvesjointlynum_target filter sidesteps the data association problem,

estimating the number of targets and their states at each tijgges not require gating, track initiation and termination, nor
step. This problem is extremely difficult due to noise, C'““%Iustering for extracting state estimates.

and uncertainties in target maneuvers, data association, and
detection. Il. BACKGROUND
While non-maneuvering target motion can be described. Jump Markov System

by a fixe_d m(_)del, a combination of motion models tha_t A jump Markov system (JMS) can be described by a set
charactepze different maneuvers may be nee_ded to descr@eparameterized state space models whose underlying pa-
the motion of a maneuvering target. The jump Markoy,meters evolve with time according to a finite state Markov
system (JMS) model,' or muItlpIe' models, apprpach ha@nain. Lets, € R™ and z, € R™ denote the kinematic
proven to be an effective tool for single maneuvering targeliate (e.g. target coordinates and velocity) and observation,
tracking [1]. In th_ls approach_ the target can sv_wtch betweelréspectively, at time:. Suppose that; € M is the label of

a set of models in a Markovian fashion. The jump Marko\e model in effect at timé, whereM denotes the (discrete)
model approach can also be combined with traditional daigy of all model labels (also called modes). Then, the state

association techniques such as joint probabilistic data agynamics and observation are described by the following
sociation (JPDA) or multiple hypothesis tracking (MHT)gtate transition density and measurement likelihood:
to track multiple maneuvering targets. However, these data

association-based approaches are computationally intensive fk\kq(ﬁklékq,w),
in general. ~ ' _ . 91 (2k |8k, T )-

Mahler’s Probability Hypothesis Density (PHD) filter [2] . i o
circumvents the combinatorial computations that arise frofft @ddition, the modes follow a discrete Markov chain with

data association while accommodating detection uncertainf&?nsmon probabilityty|, (rx|rx—1) and the transition of
the augmented state vectof = [¢],r;]T € X = R" x M

is governed by

I. INTRODUCTION

This work is supported in part by the discovery grant DP0345215 ~
awarded by the Australian Research Council. fk\kfl(mkmkfl) = fk|k71(flc‘fk717 Tk)tk\k71(7"k|7“k71)~



A linear Gaussian JMS (LGJMS) is a JMS with linear Assumptions A.1 and A.2 are quite common in many
Gaussian models, i.e. conditioned on mode the state multi-target tracking algorithms. The additional assumption
transition density and observation likelihood are given by A.3 is a reasonable approximation in applications where

- interactions between targets are negligible [2].
Frir—1(€el€r—1,710) = N (& =1 (1) -1, Qr—1.(r1)) The PHD propagation is a recursion consisting of a

9k (2kl8ks k) = N (215 Hi(13) €k, Rie(r1))- prediction step and an update step. bgf,_; andv;, denote

where A/(-m, Q) denotes a Gaussian density with meartlhe predicted intensity and posterior intensity at tirhe

m and covarianceQ, Fy_1(ry) and Hy(ry) denote the respectively. Then th®HD predictionis given by
transition and observation matrices of modglrespectively, _ / / / !
Qr—1(rx) and Rg(ry) denote covariance matrices of the U1 () Ps k=1 () fpp (2l Jop— (27)de

rocess noise and measurement noise, respectively.
P pectively + / B (@] Yops (')’ + (@), (1)

h where it is understood that an integral with respect to a
thaljiscrete variable means a sum, and

B. Random Finite Sets in Multi-target Tracking
In a multi-target scenario, suppose

Tr,---,TE NG € X are the augmented states at time N _ )
where N (k) denotes the number of targets. At the next time fxik—1(:|z") = probability density of a target at time,

step, some of these targets may die, new targets may appear given that its previous state is,

and the surviving targets evolve to their new states. At thePs.xjx—1(z") = probability that a target still exists at time
sensor, M (k) measurementsy 1, ...,z vk € R™ are k given that its previous state is,

received at timet, some of which are due to targets while Bkx—1(-|z) = intensity of the RFS of targets spawned at
the rest are clutter. Note that only some of the existing time £ by a target with previous state,
targets are detected by the sensor, and that the correspondifig(*) = intensity of the birth RFS at timé.

measurements are indistinguishable from clutter. Hence, then arrival of a new multi-target measurement, the posterior
OrderS N Wh|Ch the States, and the measurements are ||S‘ﬁ€bnsityvk iS Computed from the predicted intensﬁylkil

bear no significance. via the PHD update
Mabhler’s finite set statistics (FISST) approach provides

an elegant Bayesian formulation of the multi-target filtering vk (2) = [1 — ppk(@)]vkk—1(2)
problem by treating the finite sets of targets and observa- Z Dk () gk (2]2) Vg —1 (2)

: ; : : 2
tions, at_tlmek, as_themuln-target stateand multi-target = Kk (2) + D0k (@) gk (212) Op o (@) dar” 2)
observation respectively [2] k

¥ ¥ where

= e C A, . .
k {zk ThN ()} M 7 = multi-target measurement at tinke

Zy = Az zemmt CR™ gr(-|r) = single-target measurement likelihood at
To model uncertainty in multi-target states and observations, time k, o
we appeal to the notion of mndom finite se{RFS). An  Pp.k(z) = probability of detection given a stateat
RFS on a state spack is simply a random variable taking time k, _
values in the finite subsets of [8]. The intensity of an () = intensity of the clutter RFS at time.

RFS onX is a non-negative functiom on X such that  The PHD recursion is generally intractable due to the
v(z) is the instantaneous expected number of targets per unjtirse of dimensionality’ in numerical integration. A generic
volume atz. An RFS isPoissonif its cardinality distribution sequential Monte Carlo (SMC) implementation was proposed
is Poisson with meatV = [ v(z)dz and given a cardinality in [3]. This so-called particle-PHD filter can accommodate
the elements of{ are i.i.d. according t@/N. We refer the targets with JMS dynamics, and has been used to track
reader to [3], [4] for overviews on FISST and [2], [9] for multiple maneuvering targets in [10], [11]. However, the
comprehensive treatments. main drawbacks of the particle approach are the large number
of particles, and the unreliability of clustering techniques
for extracting state estimates [3], [4]. The recently proposed
The Probability Hypothesis Density (PHD) filter is a multi- Gaussian mixture PHD filter [4], [5] does not suffer from

target filter avoids any data association computations derivgdese drawbacks but is not general enough to handle targets
from the RFS framework [2]. The PHD filter propagates thevith JMS dynamics.

posterior intensity of the RFS of targets in time, based on
the following assumptions: I1l. UNSCENTEDIMPLEMENTATION OF THE PHD RLTER
A.1 Targets evolve in time and generate measurementsWe present first a JMS multi-target model. For clarity in
independently of one another. the presentation of our analytic implementation of the PHD
A.2 The clutter RFS is Poisson and is independent of thiiiter for JMS multi-target model, we review the analytic
measurements. solution to the PHD recursion for linear Gaussian JMS
A.3 The predicted multi-target RFS is Poisson. (LGJIMS) multi-target model proposed in [6]. We then show

C. The Probability Hypothesis Density Filter



how the unscented transform is used to implement the PH&nd spawning intensities of the kinematic states are Gaussian

filter for nonlinear JMS multi-target model. mixtures:
For notational convenience® is used to denote the ok
ordered pair of mean and covariange, P) of a Gaussian A (€) :Z“’S)ICN
distribution, i.eN(2;0) = N(x;m,P). Given a linear ’
Gaussian modet = Hx + v, wherewv is Gaussian noise Tkl 1(7«)
with meand and covariance matrik, we use the notatiof? 3 (e’ ") w L(E £ (")),
k|k—1 - ) -
to denote the ordered triplet of model parametéis R, d), | Z M‘k Bklk !
and L(z, z; ) = N(z; Hx + d, R) to denote the probability @ @ )
density atz. We also define the operatofsand ¥ by w??re Sy O = (( Q ) wv = Jﬁ(,k)lk—l(r )
1(Q,0) = (Hm +d, R+ HPH") @3) Q?Jf"f )= LR, )
) ) J .
W(2,0,0) = (m+ K(= — d— Hm),(I - KH)P), (4) B,klk—l( r’), are given model parameters.
. Proposition 1: For a LGJMS multi-target model, if the
A. JMS multi-target model posterior intensityv,_; at timek — 1 has the form
In addition to assumptions A.1 - A.3, th&MS multi-target Jr—1(r")
mode| assumes: vea (€)= Y w (N, 07). (8)
A.4 Each target follows a JMS model. i1

A.5 The probabilities of target survival and target detecTphen the predicted intensity,,_, is given by
tion are not functions of the kinematic state.

A5 The intensities of birth and spawn RFS take theVkx—1(& ) =7%(& )+ vskk-1(& )+ vgkp-1(£7), (9)
following forms:

where
(&) = A(E)mi(r) ©) g (&r) =D whil (nr IN(E YT (),

Brik—1 (&I r") = Brpp—1 (€€, 7 ) Thp—1(rlr’)  (7) 716 (10)
where;, is the intensity of kinematic state births at tirhe (i.5) n_ G) RO,
and 7 (-|¢) is the probability distribution of the modes for a Wa kje—1(r>7") = T (Pl )wgy ey (w2, (), (11)
given birth with kinematic stat¢ at time k, fyj—1 (-|¢', ") @E’ifk 1(7“’> Q) ., (), @5; L), (12)
is the intensity of kinematic states spawned at thmigom ,
(€T, 17, and w1 (-€, &, 1) is the probability distribu- Vs klke-1( wa klk— (PO 9f klk— 1),
tion of the mode for a given kinematic statespawned at (13)

time k from [¢'T +/]T.
Th : : (2) N v @@ (.
e JMS multi-target model is more general than those w;y, (7,7") = ps k-1 () tip—1 (r]r w2, (1), (14)
in standard multi-target tracking algorithms. Moreover, tra- () _ (@)
ditional multi-target filtering techniques are computationally O k17 7) = Qg k-1 (1), O34 (). (15)
intractable for a model of such generality. Most existing Proposition 2: For a LGIJMS multi-target modgif the
multiple maneuvering target tracking algorithms do not catgredicted intensityy,,—, has the form

for births or spawnings. Jijk—1(r)

B. Linear Gaussian JMS multi-target model viik—1(§,7) Z wk\k (PN (& @k|k 1(r). (16)

In the LGIJMS multi-target model, each target follows a[hen the posterior intensity, is given b
LGJIMS model, i.e. the dynamics and measurement models P k1S9 y

for the kinematic state have the form: 0p(&,7) = (1=pp k(7)) vk -1 (&, 1)+ Z vg k(&3 2), (17)

fk|k—1(§\5/»7’) = 5(5/»§§Qf,k|k—1(r)); e
gk(z|§7 T’) = 5(57 zZ3 Qg,k(r))7

where Q¢ p—1(r) =(Frr-1(r), Qs r-1(r),0) denotes the
parameters of the linear target dynamics model conditioned (r
on moder, Qg x(r) = (Hy(r), Rr(r),0) denotes the param- w(ii(r; 2)= 9,
eters of the linear observation model conditioned on mode > ki (2 )+pr k(r)w ,(C 1(r)gq L( 2)
In particular, conditional on mode, F ;_1(r) is the state

transition r(ne;trix,cr)]f,k,l(r) is the process n(r)ji;e( c)ovarihance qéii(r,z) N (2 (g 1 (r), e;fk (), (20)
matrix, Hy(r) is the measurement matrix ariey(r) is the (i) B )

measurement noise covariance matrix. Additionally, the birth O (132) = W (2, Qg1 (r), ®k|k 1 (). (1)

where

Vg, (&, 75 2) ngk T 2) f,@;z)k(r;z)), (18)

P, k(T )wk|k 1 )a ch( z)

, (19)



Propositions 1 and 2 show how the intensitigg,—; by a Gaussian, but instead of using the linearized model,
and v, are analytically propagated in time under the it computes the Gaussian approximation of the posterior
LGJIMS multi-target model assumptions. The recursions fatensity at the next time step using the unscented transform.
the means and covariancesf,—; andvg ,—; are the Details of the EK and UK filters are given in [12] and [7],
Kalman prediction and the recursive computations of theespectively.
means and covariances of , are the Kalman update. The Following the development in Section IlI-C, it can be
PHD filter has a complexity of)(J;_1|Zx|) whereJ,_; is  shown that the posterior intensity of the multi-target state
the number of Gaussian components representing for propagated by the PHD recursions (1)-(2) is a weighted sum
a fixed model’ at timek — 1 and|Z| denotes the number of various functions of, many of which are non-Gaussian.
measurements at time In the same vein as UK filter, we can approximate each of

These propositions also indicate that the number of conthese non-Gaussian constituent functions by a Gaussian.
ponents of the predicted and posterior intensity increases1) Prediction: To begin, suppose that the posterior inten-
with time, which can be a problem in implementation. How-sity at timek — 1 is approximated by

ever, this problem can be effectively handled by applying Jr—1(r")
some simple pruning procedure [4], [5]. V1 (€, 1) ~ Z w}(le(ﬂ)/\/@/; @](21(7,/))’
Given the posterior intensity;, at time k im1
Te(r) , and that each mixture componenf(-;0\” (+')) of the
vp(€,7) = Zw;(f) (NN (&0 (r)), posterior intensity, has an associated set of sigma points
i=1 {5(") (i,7")}E,, with mean m() 1(7") and covariance

the peaks of the intensity are points of highest local conp,ijl( .

centration of the expected number of targets. In order to The predicted intensity still has the same form as (9).
extract the state of the targets from the posterior intensity &onsider first f k[k—1» the motion component of the pre-
time k, an estimate of the number of targe¥s is needed. dicted intensity in (9). For each mode)f the state transition
This number is smpl[fw @ )( ) rounded to the nearest generate a set of sigma pow{ts h_1(r)} =, with mean0
integer. The estimate of the mult| target state is the set @ihd covariance 1 (). Then following the unscented
N, ordered palrs of means and moc{es,C (r),r) with the  Kalman prediction [7] we can approximatey ., by

largest Welghtm; ( ,reMyi=1,... Jg(r). substituting into (13)

Propositions 1 and 2 can be extended to exponential (i) N — (@) p@) / 25
mixture probability of survival and probability of detection Fr= ) = (Mg (1), Py (7)), (29)
as in [4]. where

L
. i 1 4 .
D. The Unscented JMS-PHD filter mfc‘)k_l(r, ') = I Zgéli LGy, (26)

We consider the following form of single target dynamical , f=0z ,
and measurement model for a given made g,i‘i_l(i,r, r') = <pf7k_1(€,(€,1(i,7“’)7Vj(c,;)cfl(i,r),f)» (27)

L
& = @rp—1(k—1,Vfk-1,T), (22) () 1 ) NEO) (. NT
’ ’ b - ) - ) ) ) 28
ze = hp(&ken,7), (23) e () = 1+L gfklk o )77 428)
where ¢, and hy, are the non-linear mappings, andf,(ﬁC (i) = 51%3@_1(“"’7") mfc‘)k (), (29)

vsr—1 and e, are independent zero-mean Gaussian noise Similarly, to approximatev (x_;, the spawning com-
processes with covariance matric€y ,_1(r) and Ry(r) ponent of (9) we generate a set of S|gma points
respectively. In addition, the spawning intensity has the forr? V- G}, with mean0 and covarlanc@gk (),

Tam k-1 (r") for each(j, ') and substitute into (10)
Orpra €l wam N(& 2a11(€7") Qi) Ol (1) = (miGl (), PG, 07), (30)
(24) where

where Jg -1 ("), w[(ﬂcgkfl(r’), Qg,)k_l(r’) are given o

model parameters, and, ,(-,') is a nonlinear function My (1) = 7 T L ng\k 136,77,

on the kinematic state spawI (é) ® .
In single-target filtering, analytic approximations of theﬁk\k 1(055,7) = @ae-1(§.2, (0, 7") + v 1 (6,77, (32)

nonlinear Bayes filter include the extended Kalman (EK)

(1)

filter and the unscented Kalman (UK) filter [7]. The EK filter P17 () = ﬁ Zg,ﬁf; LGy, )8R (i, 3, 7)H(33)
approximates the posterior density by a Gaussian, which L=
is propagated in time by applying the Kalman recursmnsf (i,4,1") = gl(cll’;c 1(z'7j,r) mEj,i) 1(7,/) (34)

to local linearizations of the (nonlinear) mappings and
hix. The UK filter also approximates the posterior density !see [7] and references therein for details on sigma points.



To complete the prediction step, we approximate the IV. SIMULATION RESULTS

spontaneous birth intensity, in (9) by a Gaussian mixture Consider a two-dimensional scenario where aircrafts ap-

Ton pear in a surveillance region at different locations and times.
Zws,)k(r)/\/(@ 9%)_ The speed of the aircrafts is |n.the range Ma:,gh [0.45, 0.6].
| The kinematic stat& = [ ps, pe, py, Dy, 2 ]* Of each

aircraft consists of positiofp,, p,) in the horizontal plane,
2) Update: For the update step, suppose that the predictagtlocity (p,,, p,) and turn rate2. Modelr = 1 is the standard

intensity is approximated by linear constant velocity (CV) model as given in [1]. Model
r = 2 is the non-linear co-ordinated turn (CT) model [1]
Jk‘k 1(r) o) with an unknown turn raté) given by
v T w
klk—1(7 Z k\k (NN (& k|k— 1(1)); R
. . Fk—l(Q7T:2) = AQ A2 0 )
and that each component has an associated set of sigma 0 0 1
points {fz(ﬁc_l(i77“)}£:0! with meanmfﬂ)k ,(r) and covari-
anceP,S; (7). Yo 02 0
The updated posterior intensity still has the same form as Qr-1(r=2)=| 02 X2 0 |,
(17). The first term on the right hand side of (17) is just 0 0 X

a scaled version ofy, ;. To approximatev, (&, r; z) in

(17), we generate a set of sigma pon{é,c) (r)}-,, with “in QT 1—cos OT
mean( and covarianceRy(r) for each mode-. Then, fol- Ay = { 1 Q } Ay = [ 0 Q. ] ’

with

lowing the unscented Kalman update [7] we can approximate 0 cosQT 0 sinQT
v ,7; 2) by substituting into (18)-(19
g,kt(g ) y g ( ) ( ) . ) T3/3 T2/2 i _ T~2
2 = Oy, T2/2 T ) 2 = L0y,

agi(iz) = N, 0),500), 65
i = -2 andg,, = 0.5° s~ 2 are the standard
oW (. _ (@) (). ) p) 36 Whe_re_av2 10ms ~andg,, =0 _
o4 (7i2) (my(r52), B2 (), (36) deviations of the noise for the linear and turn portions of
the kinematic state during a level turn, respectively. The

where . - .
transition probabilities between the modes are given by
(1) _ (0) 0.8 0.2
Mhpr(r) = HLZ% 1 37 [teie—1(rlr)] = [ 02 0.8 ]
Z,(ﬂ,l(iﬂ“) = hk(f;(j;c 1(2 ), El(f)(r)ﬂ“)? (38) The aircrafts are observed by a bearing and range-only
sensor in a regiof—x, 7| rad x [0,6 x 10*]m
(4) _ (£) (0) T
Sk) (7‘) - 1 + L sz‘k 1 Z r zk|k 1(Z 7") 9 (39) [ arCtan(px7k/py7k;) ‘|
2k = 2 2 €k,
(¢ ¢ \/
Zl(c|3§—1(27r = z,(gli 1(2,1") 77,2‘)]C (), (40) Dokt Py

i i i 2 x (7/180)rads~! and ¢, = 20m. The interval be-
- Pig\l)f () =K G ()" (42) tweeg t/he s)ensor measure[r)nent@& 5s. The probability
- G(’)( )[5(”( N, (43) that an aircraft survives at the next time step is taken as
Ps.klk—1(r") = 0.99 and the probability that an aircraft is
Gl(f) (r) = ng)k (G fk\k G r)T, (44) detected i®p (r) = 0.98. Clutter is modelled as a Poisson
1+L RFS with intensityx (2) = A.VU(z), wherel{(-) denotes a
_ (@) uniform density over the surveillance regior, the volume
gk"“ (Br) = 5’“"“ 1 (m) =g (7). (45) of the surveillance region an¥. = 4.167 x 10~% /7 denotes

A similar implementation can be done with the EK ap- the average number of clutter returns per unit volume.
proach. In this case we approximate the nonlinear mapplngsFor simplicity target spawning is not considered. Consider
0r k1 (s Vph—1,7), hio(yen,r) andegg 1 (-, vap_1,7') by a scenario where the surveillance region includes the five air-
their respective derivatives and apply Propositions 1 and PO't locations a{—20, —20)km, (10, 20)km, (30, =10)km,
However, calculating these derivatives may be tedious afa30; 20)km and(—20, 40)km. The spontaneous birth RFS
error-prone. The unscented approach, on the other hand, d&e§0isson with intensity
not suffer from these restrictions and can even be applied to (z) = 0.17Tk(r)[ (& ( P)+N(Em ’ P)+

. . . . Vi
models with discontinuities. For these reasons we omit the ) @) )
EK implementation in this paper. N (& my an)‘FN(f%my 7Pv)+/\/(§7 m{?, Py)l,

)

mg)(r;z) = m,(c?k (r) = Klgi)(r)(z—néﬁl_l(r)),@l) wheree, ~ N(:;0,Ri) with Ry, = diag([o?,0 p]), oy =
)
)



with
m =] —2x10%, 0, —2x10%, 0, 0]",
m®=[ 1x10%, 0, 2x10%, 0, 0]",
m®=[3x10% 0, —1x10% 0, 0],
m® =] -3x10% 0, 2x10% 0, 0],
m® =] —2x10%, 0, 4x10% 0, 0]"

¢
Pvzdiag([lO?’, 200, 103, 200, 0]),

and the distribution of the models at birth is taken as

Fig. 1.

y coordinate (in m)
o
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start of flight at k= 17;

-4 end of flight at k= 100 Aircraft 2

start of flight at k= 3;
end of flight at k= 95
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Target trajectorieso’— locations of target births;[T— locations
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S O PHD filter estimates
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Fig. 2. Position estimates of the Unscented-PHD filter.

1rg : : : ! !
0.8F
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Mean Absolute Error of N

0
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time step

Fig. 3. Mean absolute error of estimated number of targets.

track. Similarly, an overestimate of the number of aircrafts
generates false estimates. However, as shown the false esti-
mates do not propagate with time. The mean absolute error
in the estimated number of targets averaged dver 103
Monte Carlo runs is shown in Fig. 3. Note that we apply the
same pruning procedures and parameters as in [4], [5] for
our implementation.

V. CONCLUSIONS

This paper presents a PHD filter for tracking an unknown
and time varying number of targets that follow (honlinear)
jump Markov systems models. The proposed algorithm elim-
inates the need to perform data association gating, track
initiation and termination. Simulation results in a nonlinear
scenario with an unknown and time-varying number of ma-
neuvering targets observed in clutter shows that the proposed
PHD filter has promising performance .

In our approach the multiple models are not “interacting”.
It is not clear how the PHD filter approach can be extended to
interacting multiple models. This is an interesting problem in
both theory and practice, which requires further investigation.
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