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Abstract - Mahler recently proposed the Multi-

target Multi-Bernoulli (MeMBer) recursion as a

tractable approximation to the Bayes multi-target re-

cursion, and outlined a Gaussian mixture solution

under linear Gaussian assumptions. These propos-

als are speculative in the sense that, to date, no im-

plementations have been reported.

In this paper, it is shown analytically that the

MeMBer recursion has a significant bias in cardinal-

ity that results in a high number of false tracks. A

novel approximation that alleviates the bias problem

is proposed. In addition, a sequential Monte Carlo

implementation (for generic models) and a Gaussian

mixture implementation (for linear Gaussian mod-

els) are given. Comparisons with Mahler’s original

MeMBer filter via simulations show significant re-

duction of false tracks.

Keywords: Tracking, estimation, random sets, point

processes, finite set statistics, multi-Bernoulli.

1 Introduction

Multi-target filtering, involves the joint estimation of
the number of targets and their individual states from
a sequence of observations in the presence of detec-
tion uncertainty, association uncertainty and clutter.
Mahler’s finite set statistics (FISST) is an elegant
Bayesian formulation of multi-target filtering based on
random finite set (RFS) theory, which has generated
substantial interest in recent years due to the devel-
opment of the Probability Hypothesis Density (PHD)
filter [1] and the Cardinalized PHD (CPHD) filter [2].
The PHD/CPHD filters are moment approximations
of the Bayes multi-target filter, which operate on the
single-object state space and avoid the combinatorial
problem that arises from data association. Sequen-
tial Monte Carlo (SMC) implementations with prov-
able convergence [3], and closed form solutions [4, 5]

to the PHD/CPHD recursions have opened the doors
to numerous novel extensions and applications, see for
example [6, 7] and the references therein.

In addition to the PHD/CPHD filters, Mahler
recently proposed the Multi-target Multi-Bernoulli
(MeMBer) recursion as a tractable approximation to
the Bayes multi-target recursion under low clutter
density scenarios [6]. Unlike the PHD/CPHD recur-
sions which propagate moments and cardinality distri-
butions, the MeMBer recursion propagates (approxi-
mately) the multi-target posterior density. A Gaussian
mixture solution to the MeMBer recursion under linear
Gaussian assumptions was also proposed in [6]. How-
ever, no implementations have been reported to-date.

In this paper, we show analytically that the MeM-
Ber filter significantly over-estimates the number of
targets, which would result in a high number of false
tracks. This bias is caused by a multi-Bernoulli ap-
proximation in the MeMBer update step. We pro-
pose a novel multi-Bernoulli approximation, called the
cardinality-balanced MeMBer update, that alleviates
the bias problem (under the same signal setting). A
generic sequential Monte Carlo (SMC) implementa-
tion applicable to nonlinear dynamic and measurement
models with state-dependent probability of detection is
given. Unlike the SMC-PHD filters, the SMC-MeMBer
approach does not require clustering to extract esti-
mates of target states. A Gaussian mixture imple-
mentation for linear Gaussian models is also given.
We compare the proposed filter with Mahler’s origi-
nal MeMBer filter via simulations, and demonstrate
significant reduction of false tracks whilst maintaining
similar state estimation accuracy.

The paper is organised as follows. The neces-
sary background on RFSs and multi-target filtering is
given in Section 2. In Section 3 we present a review
of Mahler’s MeMBer recursion, followed by a deriva-
tion of the cardinality bias, and descriptions of the
cardinality-balanced MeMBer update. A generic se-
quential Monte Carlo implementation for non-linear



multi-target models (with simulation results) is de-
scribed in Section 4. A Gaussian mixture implemen-
tation for linear multi-target models (with simulation
results) is given in Section 5. Closing remarks are given
in Section 6.

2 Background

This section introduces RFSs, multi-target system
models and the multi-target Bayes filter.

2.1 Random Finite Sets

Intuitively, a random finite set (RFS), is a random
(spatial) point pattern, e.g. measurements on a radar
screen or positions of rain drops on a spatial area.
What distinguishes an RFS from a random vector is
that: the number of points is random; the points them-
selves are random and unordered. In essence, an RFS
is simply a finite-set-valued random variable. At the
fundamental level, like any other random variable, the
randomness of an RFS is captured by its probability
distribution (or probability density if one exists).

Another fundamental descriptor of an RFS, which
has direct relevance to this paper, is the probability
generating functional (PGFl). Let F(X ) denote the
space of finite subsets of X . Suppose X is an RFS on
X , i.e. X is a random variable taking values in F(X ).
Following [8, 9], the probability generating functional
(PGFl) G[·] of X is defined by

G[h] ≡ E[hX ], (1)

where E denotes the expectation operator, h is any
(reasonable) real-valued function on X such that 0 ≤
h(x) ≤ 1, and

hX =
∏

x∈X

h(x),

with h∅ = 1 by convention. The probability generating
function G(·) of the cardinality distribution of X can
be obtained by substituting h(x) = y into the PGFl.

2.2 Poisson RFSs

An RFS X on X is said to be Poisson with intensity
function v (defined on X ) if its cardinality distribution,
Pr(|X| = n), is Poisson with mean N̄ =

∫
v(x)dx, and

for any finite cardinality, the elements x of X are inde-
pendently and identically distributed (i.i.d) according
to the probability density v(·)/N̄ [8, 9]. A Poisson
RFS is completely characterized by its intensity func-
tion, also known in the tracking literature as the Prob-
ability Hypothesis Density (PHD). A Poisson RFS with
intensity function v has PGFl

G[h] = e〈v,h−1〉

where 〈v, h〉 =
∫

v(x)h(x)dx. The probability density1

of a Poisson RFS can also be explicitly expressed in
1For simplicity, in this paper, we shall not distinguish FISST

set derivative and probability density. While the FISST set
derivative of an RFS is not a probability density [6], it is equiv-
alent to a probability density (see [3]).

terms of v as follows

π(X) = e−N̄
∏

x∈X

v(x) = e−N̄vX .

2.3 Multi-Bernoulli RFS

A Bernoulli RFS X on X has probability 1− r of be-
ing empty, and probability r of being a singleton whose
(only) element is distributed according to a probability
density p (defined on X ). The cardinality distribution
of a Bernoulli RFS is a Bernoulli distribution with pa-
rameter r. The PGFl of a Bernoulli RFS is given by

G[h] = 1− r + r 〈p, h〉 . (2)

A multi-Bernoulli RFS X on X is a union of a fixed
number of independent Bernoulli RFSs X(i) with ex-
istence probability r(i) ∈ (0, 1) and probability density
p(i) (defined on X ), i = 1, ..., M , i.e.

X =
M⋃

i=1

X(i) (3)

The PGFl of a multi-Bernoulli RFS is

G[h] =
M∏

i=1

(
1− r(i) + r(i)〈p(i), h〉

)
. (4)

A multi-Bernoulli RFS is thus completely described
by the multi-Bernoulli parameter set {(r(i), p(i))}M

i=1.
Moreover, the probability density π is given by π(∅) =∏M

j=1

(
1− r(j)

)
and

π({x1, ..., xn}) =

n!
∑

1≤i1<···<in≤M

n∏

j=1

(
1− r(j)

)
r(ij)p(ij)(xj)

1− r(ij)
. (5)

Also, the mean of the cardinality distribution of a
multi-Bernoulli RFS is given by N̄ = E[|X|] =∑M

i=1 r(i). Throughout this paper, we abbreviate prob-
ability density of the form (5) by π = {(r(i), p(i))}M

i=1.
We also refer to a PGFl of the form (4), or a multi-
target density of the form (5), as a multi-Bernoulli.

2.4 Multi-target System Model

Suppose that at time k, there are N(k) target states
xk,1, . . . , xk,N(k), each taking values in a state space
X ⊆ Rnx , and M(k) measurements zk,1, . . . , zk,M(k)

each taking values in an observation space Z ⊆ Rnz .
In the random finite set approach, the finite sets of tar-
gets and observations, at time k, [10, 1, 6] are treated
as the multi-target state and multi-target observation,
respectively

Xk = {xk,1, . . . , xk,N(k)} ∈ F(X ),
Zk = {zk,1, . . . , zk,M(k)} ∈ F(Z).

Using RFS theory, we can construct stochastic models
for the time evolution of the multi-target state and the
multi-target observations as follows.



Given a multi-target state Xk−1 at time k− 1, each
xk−1 ∈ Xk−1 either continues to exist at time k with
probability pS,k(xk−1) and move to a new state xk with
probability density fk|k−1(xk|xk−1), or dies with prob-
ability 1 − pS,k (xk−1). Thus, for a given target with
state xk−1 ∈ Xk−1 at time k − 1, its behaviour at the
next time step is modeled by the Bernoulli RFS

Sk|k−1(xk−1)

with r = pS,k(xk−1) and p(·) = fk|k−1(·|xk−1). This
transition is commonly known in point process theory
as a Markov shift [8]. The RFS of the multi-target
state Xk at time k is given by the union

Xk =


 ⋃

xk−1∈Xk−1

Sk|k−1(xk−1)


 ∪ Γk, (6)

where Γk denotes the multi-Bernoulli RFS of sponta-
neous births. The RFS multi-target transition equa-
tion (6) incorporates target motion, birth and death.
Assuming that the RFSs constituting the union in (6)
are mutually independent, Xk is a multi-Bernoulli RFS
conditional on Xk−1.

A given target xk ∈ Xk, at time k, is either de-
tected with probability pD,k (xk) and generates an ob-
servation zk with likelihood gk(zk|xk), or missed with
probability 1− pD,k (xk), i.e. each state xk ∈ Xk gen-
erates a Bernoulli RFS

Θk(xk)

with r = pD,k(xk) and p(·) = gk(·|xk). In addition,
the sensor also receives a set of false alarms or clutter
which can be modeled as a Poisson RFS Kk with inten-
sity function κk(·). Thus, at time k, the multi-target
measurement Zk generated by a multi-target state Xk

is formed by the union

Zk =

[ ⋃

x∈Xk

Θk(x)

]
∪Kk (7)

The RFS multi-target measurement equation (7) ac-
counts for detection uncertainty and clutter. It is as-
sumed that the RFSs constituting the union in (7) are
independent of one another. Note that conditional on
Xk, the target generated measurements in (7) form a
multi-Bernoulli RFS.

2.5 Multi-target Bayes Recursion

The multi-target filtering problem can be posed as a
Bayesian filtering problem with state space F(X ) and
observation space F(Z). Let πk(·|Z1:k) denote the
multi-target posterior density at time k. Then, the
multi-target Bayes recursion propagates πk(·|Z1:k) in
time [10, 1, 3] according to

πk|k−1(Xk|Z1:k−1) =
∫

fk|k−1(Xk|X)πk−1(X|Z1:k−1)δX,

(8)

πk(Xk|Z1:k) =
gk(Zk|Xk)πk|k−1(Xk|Z1:k−1)∫
gk(Zk|X)πk|k−1(X|Z1:k−1)δX

,

(9)

where the integrals in the above recursion are FISST
set integrals (see [10, 1, 6]), fk|k−1(·|·) is the multi-
target transition density2 and gk(·|·) is the multi-target
likelihood2. The multi-target transition encapsulates
the underlying models of target motions, births and
deaths described in (6), while the multi-target like-
lihood encapsulates the underlying models of detec-
tions and false alarms described in (7). Explicit ex-
pressions for fk|k−1(Xk|Xk−1) and gk(Zk|Xk) can be
derived from (6) and (7) using FISST, see for example
[10, 1, 6].

3 MeMBer Approximations

The MeMBer recursion, proposed by Mahler in [6], is
an approximation to the full multi-target Bayes recur-
sion (8-9) using multi-Bernoulli RFS. Intuitively, the
MeMBer recursion propagates the multi-target poste-
rior probability density in time by propagating a finite
but time-varying number of hypothesized tracks, each
characterized by the probability of existence and the
probability density of the current hypothesized state.

In this section, we briefly summarize Mahler’s MeM-
Ber recursion and derive the cardinality bias that oc-
curs in the update step. Moreover, we propose a MeM-
Ber update step that is unbiased in cardinality, herein
referred to as the cardinality-balanced MeMBer up-
date.

3.1 The Original MeMBer Recursion

The premise of the MeMBer recursion is that the multi-
target RFS at each time step is approximated by a
multi-Bernoulli RFS, based on the following modelling
assumptions:

• Each target evolves and generates measurements
independently,

• Target births follow a multi-Bernoulli RFS inde-
pendent of target survivals,

• Clutter follows a Poisson RFS, not too dense, and
is independent of target-generated measurements.

Proposition 1 (MeMBer Prediction [6]). Sup-
pose that, at time k−1, the posterior multi-target den-
sity is a multi-Bernoulli of the form

πk−1 = {(r(i)
k−1, p

(i)
k−1)}Mk−1

i=1 .

Then, the predicted multi-target density is also a multi-
Bernoulli and is given by

πk|k−1 = {(r(i)
P,k|k−1, p

(i)
P,k|k−1)}

Mk−1
i=1 ∪{(r(i)

Γ,k, p
(i)
Γ,k)}MΓ,k

i=1 ,

(10)

2The same notation is used for multi-target and single-target
densities. There is no danger of confusion since in the single-
target case the arguments are vectors whereas in the multi-target
case the arguments are finite sets.



where

r
(i)
P,k|k−1 = r

(i)
k−1〈p(i)

k−1, pS,k〉, (11)

p
(i)
P,k|k−1(x) =

〈fk|k−1(x|·), p(i)
k−1pS,k〉

〈p(i)
k−1, pS,k〉

, (12)

fk|k−1(·|ζ) = single target transition density at
time k, given previous state ζ,

pS,k(ζ) = probability of target existence at
time k, given previous state ζ,

{(r(i)
Γ,k, p

(i)
Γ,k)}MΓ,k

i=1 = parameters of the multi-Bernoulli

RFS of births at time k.

In essence, the multi-Bernoulli parameter set for the
predicted multi-target density πk|k−1 is formed by the
union of the multi-Bernoulli parameter sets for the sur-
viving targets and births. The total number of pre-
dicted hypothesized tracks is Mk|k−1 = Mk−1 + MΓ,k.

Proposition 2 (MeMBer Update [6]). Suppose
that, at time k, the predicted multi-target density is a
multi-Bernoulli of the form

πk|k−1 = {(r(i)
k|k−1, p

(i)
k|k−1)}

Mk|k−1
i=1 .

Then, the posterior multi-target density can be approx-
imated by a multi-Bernoulli as follows

πk≈{(r(i)
L,k, p

(i)
L,k)}Mk|k−1

i=1 ∪ {(rU,k(z), pU,k(·; z))}z∈Zk
,

(13)
where

r
(i)
L,k = r

(i)
k|k−1

1− 〈p(i)
k|k−1, pD,k〉

1− r
(i)
k|k−1〈p

(i)
k|k−1, pD,k〉

, (14)

p
(i)
L,k(x) = p

(i)
k|k−1(x)

1− pD,k(x)

1− 〈p(i)
k|k−1, pD,k〉

, (15)

rU,k(z) =
〈ṽk|k−1, ψk,z〉

κk(z) + 〈ṽk|k−1, ψk,z〉 , (16)

pU,k(x; z) =
ṽk|k−1(x)ψk,z(x)
〈ṽk|k−1, ψk,z〉 , (17)

ṽk|k−1(x) =
Mk|k−1∑

i=1

r
(i)
k|k−1p

(i)
k|k−1(x)

1− r
(i)
k|k−1〈p

(i)
k|k−1, pD,k〉

, (18)

ψk,z(x) = gk(z|x)pD,k(x),
Zk = measurement set at time k,

gk(·|x) = single target measurement likelihood at
time k, given current state x,

pD,k(x) = probability of target detection at time k

given current state x,

κk(·) = intensity of Poisson clutter at time k.

It is implicitly assumed that pD,k and r
(i)
k|k−1, i =

1, ..., Mk|k−1 cannot all be equal to 1. In essence,
the multi-Bernoulli parameter set for the updated
multi-target density πk is formed by the union of the
multi-Bernoulli parameter sets for the legacy (missed-
detection) tracks and measurement-corrected tracks.
The total number of posterior hypothesized tracks is
Mk = Mk|k−1 + |Zk|.

3.2 Cardinality Bias

It follows from Proposition 1 that the mean cardinality
of the predicted multi-target state is

N̄k|k−1 =
Mk−1∑

i=1

r
(i)
P,k|k−1 +

MΓ,k∑

i=1

r
(i)
Γ,k.

Proposition 2 implies that the mean posterior cardi-
nality, N̄k, is approximated by

Ñk =
Mk|k−1∑

i=1

r
(i)
L,k +

∑

z∈Zk

rU,k(z). (19)

In the following we derive the mean posterior car-
dinality. As shown in [6], if clutter is not too dense,
the PGFl corresponding to the updated multi-target
density πk is given by

Gk[h] =
Mk|k−1∏

i=1

G
(i)
L,k[h]

∏

z∈Zk

GU,k[z; h] (20)

where

G
(i)
L,k[h] =

1− r
(i)
k|k−1+ r

(i)
k|k−1〈p

(i)
k|k−1, hqD,k〉

1− r
(i)
k|k−1+ r

(i)
k|k−1〈p

(i)
k|k−1, qD,k〉

,(21)

GU,k[h; z] =
κk(z) +

Mk|k−1∑
i=1

G
(i)
U,k[h; z]

κk(z) + 〈ṽk|k−1, ψk,z〉 , (22)

G
(i)
U,k[h; z] =

r
(i)
k|k−1〈p

(i)
k|k−1, hψk,z〉

1− r
(i)
k|k−1+ r

(i)
k|k−1〈p

(i)
k|k−1, hqD,k〉

,(23)

qD,k = 1− pD,k.

The product,
∏Mk|k−1

i=1 G
(i)
L,k[h], corresponds to the

set of legacy tracks and is a multi-Bernoulli, since (21)
can be rewritten in Bernoulli form

G
(i)
L,k[h] = 1− r

(i)
L,k + r

(i)
L,k〈p(i)

L,k, h〉.

with r
(i)
L,k and p

(i)
L,k given as in Proposition 2. Hence

the mean cardinality of the legacy tracks is

N̄L,k =
Mk|k−1∑

i=1

r
(i)
L,k. (24)

The product,
∏

z∈Zk
GU,k[h; z], corresponds to the

set of measurement-updated tracks, which is not a
multi-Bernoulli RFS. Nonetheless, its mean cardinal-
ity N̄U,k can be determined by: substituting h(x) = y
into the PGFl (22); then differentiating at y = 1; and
summing over all z ∈ Zk, yielding

N̄U,k =
∑

z∈Zk

〈v(1)
k|k−1, ψk,z〉

κk(z) + 〈ṽk|k−1, ψk,z〉 , (25)

where

v
(1)
k|k−1(x) =

Mk|k−1∑

i=1

r
(i)
k|k−1(1− r

(i)
k|k−1)p

(i)
k|k−1(x)

(1− r
(i)
k|k−1〈p

(i)
k|k−1, pD,k〉)2

. (26)



Proposition 3. Under the premises of Proposition
2, the posterior mean number of targets at time k is

N̄k = N̄L,k + N̄U,k, (27)

where N̄L,k and N̄U,k are given by (24) and (25) re-
spectively.

Corollary to Proposition 3. Under the premises
of Proposition 2, the posterior cardinality bias at time
k is

Ñk − N̄k =
∑

z∈Zk

〈ṽk|k−1 − v
(1)
k|k−1, ψk,z〉

κk(z) + 〈ṽk|k−1, ψk,z〉 . (28)

Since

ṽk|k−1(x)− v
(1)
k|k−1(x) =

Mk|k−1∑

i=1

(r(i)
k|k−1)

2(1− 〈p(i)
k|k−1, pD,k〉)p(i)

k|k−1(x)

(1− r
(i)
k|k−1〈p

(i)
k|k−1, pD,k〉)2

,

each term of the sum in (28) is non-negative and equals
zero only when pD,k = 1. Hence the bias Ñk − N̄k is
non-negative and is zero only when pD,k = 1. Ex-
perimental results, see Sections 4 and 5, demonstrated
significant cardinality bias.

3.3 Cardinality Balancing

Observe from (22) that GU,k[h; z] is not in Bernoulli
form, and it is necessary to find a Bernoulli approxi-
mation in order to express Gk[·] as a multi-Bernoulli.
Mahler achieved this by setting h = 1 in the denomi-
nator of G

(i)
U,k[h; z], i.e.

G
(i)
U,k[h; z] ≈

r
(i)
k|k−1〈p

(i)
k|k−1, hψk,z〉

1− r
(i)
k|k−1〈p

(i)
k|k−1, pD,k〉

, (29)

which, after substituting into (22), yields the following
Bernoulli approximation

GU,k[h; z] ≈ 1− rU,k(z) + rU,k(z)〈pU,k(·; z), h〉, (30)

and subsequently the update step in Proposition 2.
This particular approximation leads to a bias in the
cardinality of the measurement-updated tracks and
consequently the posterior cardinality bias (28).

A simple way of correcting the bias is to set
rU,k(z) in (16) to N̄U,k the mean cardinality of the
measurement-updated tracks, given in (25). It is also
possible to derive other cardinality-unbiased approxi-
mate updates by first setting rU,k(z) to N̄U,k and then
linearizing the PGFl GU,k[·; z] to obtain the probability
density pU,k(·; z) (note that linearizing GU,k[·; z] alone
does not necessarily result in a Bernoulli PGFl). Using
this strategy with linearization at h = 0 leads to the
following update.

Proposition 4 (Cardinality-Balanced MeM-
Ber Update). Under the premises of Proposition 2,
the posterior multi-target density can be approximated

with unbiased cardinality by a multi-Bernoulli as
follows

πk≈{(r(i)
L,k, p

(i)
L,k)}Mk|k−1

i=1 ∪ {(r∗U,k(z), p∗U,k(·; z))}z∈Zk
,

(31)
where, r

(i)
L,k, p

(i)
L,k are given in (14-15),

r∗U,k(z) =
〈v(1)

k|k−1, ψk,z〉
κk(z) + 〈ṽk|k−1, ψk,z〉 , (32)

p∗U,k(x; z) =
ṽ∗k|k−1(x)ψk,z(x)

〈ṽ∗k|k−1, ψk,z〉 , (33)

ṽ∗k|k−1(x) =
Mk|k−1∑

i=1

r
(i)
k|k−1p

(i)
k|k−1(x)

1− r
(i)
k|k−1

, (34)

v
(1)
k|k−1 and ṽk|k−1 are given in (26) and (18) respec-

tively, ψk,z and κk(z) are defined in Proposition 2.

4 Sequential Monte Carlo Im-
plementation

In this section, we present a generic SMC implemen-
tation of the cardinality-balanced MeMBer recursion
which can accommodate non-linear dynamic and mea-
surement models, as well as non-constant probabilities
of survival and detection. This technique directly ex-
tends to Mahler’s original MeMBer recursion.

4.1 Prediction

Suppose that at time k − 1 the (multi-Bernoulli) pos-
terior multi-target density πk−1 = {(r(i)

k−1, p
(i)
k−1)}Mk−1

i=1

is given and each p
(i)
k−1, i = 1, ...,Mk−1, is comprised of

a set of weighted samples {w(i,j)
k−1 , x

(i.j)
k−1}

L
(i)
k−1

j=1 , i.e.

p
(i)
k−1(x) =

L
(i)
k−1∑

j=1

w
(i,j)
k−1δ

x
(i.j)
k−1

(x).

Then, given importance (or proposal) densities
q
(i)
k (·|xk−1, Zk) and b

(i)
k (·|Zk) such that

support(p(i)
k ) ⊆ support(q(i)

k )

support(p(i)
Γ,k) ⊆ support(b(i)

k )

the predicted (multi-Bernoulli) multi-target density
πk|k−1 = {(r(i)

P,k|k−1, p
(i)
P,k|k−1)}

Mk−1
i=1 ∪{(r(i)

Γ,k, p
(i)
Γ,k)}MΓ,k

i=1

can be computed as follows

r
(i)
P,k|k−1 = r

(i)
k−1

L
(i)
k−1∑

j=1

w
(i,j)
k−1pS,k(x(i.j)

k−1), (35)

p
(i)
P,k|k−1(x) =

L
(i)
k−1∑

j=1

w̃
(i,j)
P,k|k−1δx

(i.j)
P,k|k−1

(x), (36)

r
(i)
Γ,k = parameter given by birth model,(37)

p
(i)
Γ,k(x) =

L
(i)
Γ,k∑

j=1

w̃
(i,j)
Γ,k δ

x
(i.j)
Γ,k

(x), (38)



where

x
(i.j)
P,k|k−1 ∼ q

(i)
k (·|x(i.j)

k−1 , Zk), j = 1, ..., L
(i)
k−1

w
(i,j)
P,k|k−1 =

w
(i,j)
k−1fk|k−1(x

(i.j)
P,k|k−1|x

(i.j)
k−1)pS,k(x

(i.j)
k−1)

q
(i)
k (x(i.j)

P,k|k−1|x
(i.j)
k−1 , Zk)

,

w̃
(i,j)
P,k|k−1 = w

(i,j)
P,k|k−1/

∑L
(i)
k−1

j=1
w

(i,j)
P,k|k−1

x
(i.j)
Γ,k ∼ b

(i)
k (·|Zk) j = 1, ..., L

(i)
Γ,k

w
(i,j)
Γ,k =

pΓ,k(x(i.j)
Γ,k )

b
(i)
k (x(i.j)

Γ,k |Zk)
,

w̃
(i,j)
Γ,k = w

(i,j)
Γ,k /

∑L
(i)
Γ,k

j=1
w

(i,j)
Γ,k .

4.2 Update

Suppose that at time k the predicted (multi-Bernoulli)
multi-target density πk|k−1 = {(r(i)

k|k−1, p
(i)
k|k−1)}

Mk|k−1
i=1

is given and each p
(i)
k|k−1, i = 1, ..., Mk|k−1, is comprised

of a set of weighted samples {w(i,j)
k|k−1, x

(i.j)
k|k−1}

L
(i)
k−1

j=1 , i.e.

p
(i)
k|k−1 =

L
(i)
k|k−1∑

j=1

w
(i,j)
k|k−1δx

(i.j)
k|k−1

(x).

Then, (the multi-Bernoulli approximation of) the up-
dated multi-target density πk = {(r(i)

L,k, p
(i)
L,k)}Mk|k−1

i=1 ∪
{(rU,k(z), pU,k(·; z))}z∈Zk

, can be computed as follows

r
(i)
L,k = r

(i)
k|k−1

1− %
(i)
L,k

1− r
(i)
k|k−1%

(i)
L,k

, (39)

p
(i)
L,k(x) =

L
(i)
k|k−1∑

j=1

w̃
(i,j)
L,k δ

x
(i.j)
k|k−1

(x), (40)

r∗U,k(z) =

∑Mk|k−1
i=1

r
(i)
k|k−1(1−r

(i)
k|k−1)%

(i)
U,k(z)

(1−r
(i)
k|k−1%

(i)
L,k)2

κk(z) +
∑Mk|k−1

i=1

r
(i)
k|k−1%

(i)
U,k(z)

1−r
(i)
k|k−1%

(i)
L,k

, (41)

p∗U,k(x; z) =
Mk|k−1∑

i=1

L
(i)
k|k−1∑

j=1

w̃
∗(i,j)
U,k (z)δ

x
(i.j)
k|k−1

(x),(42)

where

%
(i)
L,k =

∑L
(i)
k|k−1

j=1
w

(i,j)
k|k−1pD,k(x(i.j)

k|k−1)

w̃
(i,j)
L,k = w

(i,j)
L,k /

∑L
(i)
k|k−1

j=1
w

(i,j)
L,k

w
(i,j)
L,k = w

(i,j)
k|k−1(1− pD,k(x(i.j)

k|k−1))

%
(i)
U,k(z) =

∑L
(i)
k|k−1

j=1
w

(i,j)
k|k−1ψk,z(x

(i.j)
k|k−1)

w̃
∗(i,j)
U,k (z) = w

∗(i,j)
U,k (z)/

∑Mk|k−1

i=1

∑L
(i)
k|k−1

j=1
w
∗(i,j)
U,k (z)

w
∗(i,j)
U,k (z) = w

(i,j)
k|k−1

r
(i)
k|k−1

1− r
(i)
k|k−1

ψk,z(x
(i.j)
k|k−1).

4.3 Implementation Issues

Notice that the number of particles required to repre-
sent the predicted density increases due to the birth
of targets in the prediction, and that the number of
particles required to represent the posterior density in-
creases due to involvement of the pseudo-PHD ṽ∗k|k−1

in the update. Moreover, since the MeMBer is an in-
herent multi-target filter, similar to the SMC-PHD fil-
ter [3] it is desirable to allocate the number of particles
representing the posterior density at each time step
to be proportional to the expected number of targets
present. For example, this can be achieved by allo-
cating the number of particles for each hypothesized
track to be proportional to its probability of existence,
i.e. if a maximum of Lmax particles is allocated per hy-
pothesized track, then during the prediction we sample
L

(i)
Γ,k = r

(i)
Γ,kLmax particles per birth term, and follow-

ing the update we resample L
(i)
k = r

(i)
k Lmax for each

measurement-corrected track. In this case, it is also
important to impose a minimum of Lmin number of
particles per track to ensure sufficient particle diver-
sity.

4.4 Demonstration

In this example, we demonstrate the performance of
the SMC cardinality-balanced MeMBer recursion for
bearings and range tracking of a time varying number
of targets in clutter. A nearly constant turn model hav-
ing varying turn rate together with bearing and range
measurements is considered. The observation region is
the half disc of radius 2000m. A total of 10 targets is
considered in which there are various births and deaths
throughout the simulation. The target state variable
xk = [ x̃T

k , ωk ]T comprises the planar position and ve-
locity x̃T

k = [ px,k, ṗx,k, py,k, ṗy,k ]T as well as the turn
rate ωk. The state transition model is

x̃k = F (ωk−1)x̃k−1 + Gwk−1

ωk = ωk−1 + ∆uk−1

where

F (ω) =




1 sin ω∆
ω 0 − 1−cos ω∆

ω
0 cos ω∆ 0 − sin ω∆
0 1−cos ω∆

ω 1 sin ω∆
ω

0 sin ω∆ 0 cos ω∆


, G =




∆2

2 0
T 0
0 ∆2

2
0 ∆


,

wk−1 ∼ N (·; 0, σ2
wI), and uk−1 ∼ N (·; 0, σ2

uI) with
∆ = 1s, σw = 15m/s2, and σu = π/180rad/s. The
sensor observation is a noisy bearing and range vector
given by

zk =

[
arctan(px,k/py,k)√

p2
x,k + p2

y,k

]
+ εk

where εk ∼ N (·; 0, Rk), with Rk = diag([ σ2
θ , σ2

r ]T ),
σθ = 2(π/180)rad, and σr = 10m. The
birth process is multi Bernoulli with den-
sity πΓ = {(rΓ, p

(i)
Γ )}4i=1 where rΓ = 0.1,

p
(i)
Γ (x) = N (x; m(i)

γ , Pγ), m
(1)
γ = [ −1500, 0, 250, 0 0 ]T ,



m
(2)
γ = [ − 250, 0, 1000, 0 0 ]T , m

(3)
γ =

[ 250, 0, 750, 0 0 ]T , m
(4)
γ = [ 1000, 0, 1500, 0 0 ]T ,

Pγ = diag([ 50, 50, 50, 50, 6(π/180) ]T )2.
The probability of target survival and de-
tection are pS,k(x) = 0.99 and pD,k(x) =
0.98N ([px,k, py,k]T ; 0, 60002I2)/N (0; 0, 60002I2)
respectively. Clutter is Poisson with inten-
sity λc = 4.8 × 10−4 (radm)−1 over the region
[−π/2, π/2]rad × [0, 2000]m (giving an average of 3
clutter points per scan).

At each time step, a maximum and minimum of
Lmax = 1000 and Lmin = 300 particles per hypothe-
sized track is imposed, and resampling is performed for
each hypothesized track so that the number of parti-
cles representing each track is proportional to its prob-
ability of existence. Additionally, at each time step
track pruning is performed with a weight threshold of
P = 10−3 and a maximum of Tmax = 100 tracks. State
estimates are calculated by first using an MAP esti-
mate on the cardinality distribution for the number of
targets, and then using an EAP estimate on each of
the corresponding number of hypothesized tracks with
the highest probabilities of existence for the states.

Fig. 1 shows the x and y components of the mea-
surements, true trajectories and filter output against
time. It can be seen that the SMC cardinality-balanced
MeMBer filter is able to identify all target births and
track the non-linear motion well, as well as the target
deaths at k = 66 and k = 80. Notice also that the
filter has no trouble handling the three targets which
cross paths at time k = 50, and another two which
cross paths at k = 80.
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Figure 1: Measurements, true tracks, and filter esti-
mates.

We now verify the performance of the SMC
cardinality-balanced MeMBer filter by simulating over
1000 Monte Carlo (MC) runs. For each run, the same
target tracks are used but the measurement data is ran-
domly generated. Fig. 2 shows the MC average of the
mean and standard deviation of the estimated cardi-
nality distribution against time. Fig. 2 also compares
these results with the output from the original MeM-
Ber filter. It can be seen that cardinality-balanced fil-

ter provides unbiased estimates of the number of tar-
gets, whereas the original filter has a significant pos-
itive bias in this respect. Moreover, these observa-
tions confirm the theoretical developments presented
in Propositions 3 and 4.
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Figure 2: Cardinality statistics for cardinality-
balanced filter (top), and original filter (bottom)

To evaluate the overall performance of the
cardinality-balanced and original MeMBer filters, Fig.
3 shows the MC average of the Wasserstein distance
(WD) [11] between the estimated and true multi-target
state against time. These results suggest that the
cardinality-balanced filter outperforms the original fil-
ter, overall in terms of the accuracy of state and car-
dinality estimates jointly. Nonetheless, it is worth re-
porting the following empirical observations regarding
their performance. In this example at least, the bias
in measurement-corrected terms of the original MeM-
Ber recursion subsequently causes it to overestimate
the existence probabilities for the legacy tracks (the
tracks corresponding to missed detections). Further-
more, the estimated existence probabilities for these
legacy tracks are usually similar in magnitude to those
of the measurement-corrected tracks, and hence for
each target present the filter tends to choose as candi-
dates for state estimates both the corresponding legacy
and measurement-corrected tracks. The net result
is that the original MeMBer filter takes its two best
guesses for each target present, namely both the pre-
dicted track and its best measurement-corrected track.
Such behaviour becomes significant in low signal-to-
noise ratio (SNR) conditions, such as the relatively
lower probability of detection in this example, since
even with missed detections the original MeMBer fil-
ter’s multi-target state estimate still contains the pre-
dicted state (and thus may appear to have good local-
ization performance albeit at the expense of significant
cardinality error). On the other hand, the cardinality-
balanced MeMBer filter having the correct estimate
for the number of targets, only takes one guess for each
target present, or less when it underestimates the num-
ber of targets present. Consequently, the cardinality-
balanced MeMBer filter’s multi-target state estimate



occasionally drops target estimates even though it re-
tains their tracks in its propagation of the posterior
(and thus may be penalized on localization perfor-
mance).
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Figure 3: Wasserstein distance (WD) for the
cardinality-balanced and original filters against time

5 Closed Form Linear Gaussian
Implementation

In this section, we present a closed form solution to
the MeMBer recursion for the class of linear Gaussian
multi-target models which consists of standard linear
Gaussian assumptions for the transition and observa-
tion models of individual targets, as well as certain
assumptions on birth, death and detection:

• Each target follows a linear Gaussian dynamical
model i.e.

fk|k−1(x|ζ) = N (x; Fk−1ζ, Qk−1), (43)
gk(z|x) = N (z;Hkx,Rk), (44)

where N (·;m,P ) denotes a Gaussian density with
mean m and covariance P , Fk−1 is the state transi-
tion matrix, Qk−1 is the process noise covariance,
Hk is the observation matrix, and Rk is the ob-
servation noise covariance.

• The survival and detection probabilities are state
independent, i.e.

pS,k(x) = pS,k, (45)
pD,k(x) = pD,k. (46)

• The birth model is a multi-Bernoulli with parame-
ter set {(r(i)

Γ,k, p
(i)
Γ,k)}MΓ,k

i=1 where p
(i)
Γ,k, = 1...,MΓ,k

are Gaussian mixtures of the form

p
(i)
Γ,k(x) =

J
(i)
Γ,k∑

j=1

w
(i,j)
Γ,k N (x; m(i,j)

Γ,k , P
(i,j)
Γ,k ), (47)

with w
(i,j)
Γ,k , m

(i,j)
Γ,k , P

(i,j)
Γ,k denoting the weights,

means and covariances of the jth component.

For the linear Gaussian multi-target model, the fol-
lowing two subsections present a closed form solution
to the MeMBer recursion by showing how the posterior
density is analytically propagated in time.

5.1 Prediction

Suppose that at time k − 1 the (multi-Bernoulli) pos-
terior multi-target density πk−1 = {(r(i)

k−1, p
(i)
k−1)}Mk−1

i=1

is given and each probability density p
(i)
k−1, i =

1, ..., Mk−1, is comprised of Gaussian mixtures of the
form

p
(i)
k−1(x) =

J
(i)
k−1∑

j=1

w
(i,j)
k−1N (x; m(i.j)

k−1 , P
(i.j)
k−1 ).

Then, the predicted (multi-Bernoulli) multi-target
density πk|k−1 = {(r(i)

P,k|k−1, p
(i)
P,k|k−1)}

Mk−1
i=1 ∪

{(r(i)
Γ,k, p

(i)
Γ,k)}MΓ,k

i=1 can be computed as follows:

(r(i)
Γ,k, p

(i)
Γ,k), i, ..., MΓ,k are given by the birth model

(47), while

r
(i)
P,k|k−1 = r

(i)
k−1pS,k, (48)

p
(i)
P,k|k−1(x) =

J
(i)
k−1∑

j=1

w
(i,j)
k−1N(x; m(i,j)

P,k|k−1, P
(i,j)

P,k|k−1), (49)

where

m
(i,j)
P,k|k−1 = Fk−1m

(i,j)
k−1 ,

P
(i,j)
P,k|k−1 = Qk−1 + Fk−1P

(i,j)
k−1 FT

k−1.

5.2 Update

Suppose that at time k the predicted (multi-Bernoulli)
multi-target density πk|k−1 = {(r(i)

k|k−1, p
(i)
k|k−1)}

Mk|k−1
i=1

is given and each probability density p
(i)
k|k−1, i =

1, ..., Mk−1, is comprised of Gaussian mixtures of the
form

p
(i)
k|k−1(x) =

J
(i)
k−1∑

j=1

w
(i,j)
k−1N (x; m(i.j)

k−1 , P
(i.j)
k−1 ).

Then, (the multi-Bernoulli approximation of)
the updated density πk = {(r(i)

L,k, p
(i)
L,k)}Mk|k−1

i=1 ∪
{(rU,k(z), pU,k(·; z))}z∈Zk

can be computed as follows

r
(i)
L,k = r

(i)
k|k−1

1− pD,k

1− r
(i)
k|k−1pD,k

, (50)

p
(i)
L,k(x) = p

(i)
k|k−1(x), (51)

r∗U,k(z) =

Mk|k−1∑
i=1

r
(i)
k|k−1(1−r

(i)
k|k−1)%

(i)
U,k(z)

(1−r
(i)
k|k−1pD,k)2

κk(z) +
Mk|k−1∑

i=1

r
(i)
k|k−1%

(i)
U,k(z)

1−r
(i)
k|k−1pD,k

, (52)

p∗U,k(x; z) =

Mk|k−1∑
i=1

J
(i)
k−1∑

j=1

w
(i,j)
U,k (z)N(x;m(i.j)

U,k , P
(i.j)
U,k )

Mk|k−1∑
i=1

J
(i)
k−1∑

j=1

w
(i,j)
U,k (z)

, (53)



where

%
(i)
U,k(z) = pD,k

∑J
(i)
k−1

j=1
w

(i,j)
k−1q

(i,j)
k (z)

q
(i,j)
k (z) = N (z; Hkm

(i,j)
k|k−1,HkP

(i,j)
k|k−1H

T
k + Rk),

w
(i,j)
U,k (z) =

r
(i)
k|k−1

1− r
(i)
k|k−1

pD,kw
(i,j)
k−1q

(i,j)
k (z),

m
(i,j)
U,k (z) = m

(i,j)
k|k−1 + K

(i,j)
U,k (z −Hkm

(i,j)
k|k−1),

P
(i,j)
U,k = [I −K

(i,j)
U,k Hk]P (i,j)

k|k−1,

K
(i,j)
U,k = P

(i,j)
k|k−1H

T
k

[
HkP

(i,j)
k|k−1H

T
k + Rk

]−1

.

5.3 Implementation Issues

Notice that the number of Gaussians required to rep-
resent the predicted density increases due to the birth
of targets in the prediction, and that the number of
Gaussians required to represent the posterior density
increases due to involvement of the pseudo-PHD ṽ∗k|k−1

in the update. Analogous to the Gaussian mixture
PHD and CPHD filters [4, 5] it is necessary to per-
form pruning and merging of Gaussian components
at each time step in order to mitigate the unbounded
growth of mixture components. Specifically, for each
hypothesized track this involves eliminating compo-
nents with weights below a threshold T , merging com-
ponents within a distance U of each other, and impos-
ing a maximum of Jmax components, see [4, 5] for the
exact meaning of these parameters.

5.4 Demonstration

In this example, we demonstrate the performance of
the linear Gaussian cardinality-balanced MeMBer re-
cursion for a time varying number of targets ob-
served in clutter over a two dimensional region. The
surveillance region is the square [−1000, 1000]m ×
[−1000, 1000]m. A 10 target scenario is considered
here with births and deaths at various times and lo-
cations. The target state variable is a vector of pla-
nar position and velocity xk = [ px,k, py,k, ṗx,k, ṗy,k ]T .
The single-target transition model is linear Gaussian
specified by

Fk =
[
I2 ∆I2

02 I2

]
, Qk = σ2

ν

[
∆4

4 I2
∆3

2 I2
∆3

2 I2 ∆2I2

]
,

where In and 0n denote the n × n identity and
zero matrices, ∆ = 1s is the sampling period, and
σν = 5(m/s2) is the standard deviation of the
process noise. The probability of target survival
pS,k = 0.99. The birth process is multi Bernoulli
with density πΓ = {(rΓ, p

(i)
Γ )}4i=1 where rΓ = 0.03,

p
(i)
Γ (x) = N (x; m(i)

Γ , PΓ), m
(1)
Γ = [ 0, 0, 0, 0 ]T , m

(2)
Γ =

[ 400, 0,−600, 0 ]T , m
(3)
Γ = [−800, 0,−200, 0 ]T , m

(4)
Γ =

[ − 200, 0,−800, 0 ]T , PΓ = diag([ 10, 10, 10, 10 ]T )2.
The probability of target detection is pD,k = 0.98.

The single-target measurement model is also linear
Gaussian with

Hk =
[
I2 02

]
, Rk = σ2

εI2,

where σε = 10m, is the standard deviation of the
measurement noise. Clutter is Poisson with intensity
κk(z) = λcV u(z), where u(·) is a uniform probability
density over the surveillance region, V = 4 × 106m2

is the ‘volume’ of the surveillance region, and λc =
2.5× 10−6m−2 is the clutter intensity (giving an aver-
age of 10 clutter returns per scan).

At each time step, Gaussian pruning and merging is
performed for each hypothesized track using a weight
threshold of T = 10−5, a merging threshold of U = 4m,
and a maximum of Jmax = 100 components. Addition-
ally, at each time step track pruning is performed with
a weight threshold of P = 10−3 and a maximum of
Tmax = 100 tracks. State estimates are calculated by
first using an MAP estimate on the cardinality distri-
bution for number of targets, and then using an MAP
estimate on each of the corresponding number of hy-
pothesized tracks with the highest probabilities of ex-
istence for the states.

Fig. 4 plots the x and y components of the mea-
surements, true trajectories and filter estimates against
time. It can be seen that the linear Gaussian MeMBer
filter correctly identifies all target births and tracks
them accordingly, as well as the two target deaths at
time k = 70. Here, the filter has no difficulty handling
the three targets which cross paths at time k = 40, and
another two which cross paths at time k = 60.
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Figure 4: Measurements, true tracks, and filter esti-
mates.

Similar to the SMC example, we verify the per-
formance of the linear Gaussian cardinality-balanced
MeMBer filter over 1000 Monte Carlo (MC) runs us-
ing the one set of target tracks but with randomly
generated measurement data. Fig. 5 shows the MC
average of the mean and standard deviation of the es-
timated cardinality distribution against time, and com-
pares these results with the output from the original
MeMBer filter. Again, these results confirm that the
cardinality-balanced filter provides unbiased estimates



of the number of targets, whereas the original filter
provides significantly biased ones.
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Figure 5: Cardinality statistics for cardinality-
balanced filter (top), original filter (bottom)

Similarly, to evaluate the overall performance, Fig.
6 shows the MC average of the Wasserstein distance
(WD) [11] between the estimated and true multi-target
state against time. Again, these results suggest that
the cardinality-balanced filter outperforms the origi-
nal filter, overall in terms of the accuracy of state and
cardinality estimates jointly. In regards to false tracks
and accuracy of state estimates, similar empirical ob-
servations reported in the SMC examples also apply to
this linear Gaussian example. However, the effect of
this behaviour is less pronounced in this example since
the probability of detection is relatively high.
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Figure 6: Wasserstein distance (WD) for the
cardinality-balanced and original filters against time

6 Conclusion

It has been shown, analytically and experimentally, in
this paper that Mahler’s MeMBer filter has a bias in
the number of targets. Moreover, this bias vanishes
only for unity probability of detection. The cause of
the bias has been identified in the update step of the
filter and a new update has been proposed, which elim-
inates the posterior cardinality bias. Experiments for
linear and nonlinear scenarios confirm that the pro-
posed remedy is unbiased whilst maintaining similar
state estimation accuracy as the original MeMBer fil-
ter.

Similar to the closed form implementations of the
PHD/CPHD filters [4, 5], extensions of the closed form
implementation of the MeMBer filter to mildly non-
linear Gaussian models with constant probability of de-
tection can be achieved via linearization and unscented
transformation.
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