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Abstract — A closed form Gaussian mizture solution
to the forward-backward Probability Hypothesis Density
smoothing recursion is proposed. The key to the closed
form solutions is the use of an alternative form of the
backward propagation, together with terse yet sugges-
tive notations that have natural interpretation in terms
of measurement predictions. The closed form backward
propagation together with the Gaussian mixture PHD
filter as the forward pass form the Gaussian mizture
PHD smoother. Closed form solutions to smoothing for
single target are also derived.
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1 Introduction

Analytic filtering solutions such as the Kalman fil-
ter and Gaussian sum filter, for linear Gaussian and
Gaussian mixture models, have opened up numerous
research avenues and pervaded many application ar-
eas [9], [16], [1]. For general non-linear models, Se-
quential Monte Carlo (SMC) or particle filters have re-
cently emerged as powerfull numerical approximations
(7], (11], [4], [5).

Research in smoothing has experienced similar devel-
opments as in filtering, except for the smoothing ana-
logue of the Gaussian sum filter. For general non-linear
models, SMC approximations have been proposed
for various smoothing schemes including smoothing-
while-filtering [11], forward-backward smoothing [8], [4],
(generalized) two-filter smoothing [3], and block-based
smoothing [6]. For the special case of linear Gaussian
model, an analytic smoothing solution exist in the form
of the Kalman smoother [1]. However, for linear Gaus-
sian mixture model, the Gaussian sum smoother—the
smoothing analogue of the Gaussian sum filter—still re-
mains elusive (see, for example [10]).

Filtering and smoothing are far more challenging
in the multi-target realm since the number of targets
varies randomly in time, obscured by clutter, detec-
tion uncertainty and data association uncertainty. The
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computational intractability is also much more severe
in multi-target smoothing than filtering. The PHD fil-
ter [12], [13] is a multi-target filter that operates on the
single-target state space and, consequently, avoids the
high dimensionality that results from having multiple
targets. Recently, a forward-backward PHD smoother
has been proposed together with a sequential Monte
Carlo implementation [15]. A rigorous derivation of the
PHD smoother, using Finite Set Statistics (FISST) [12],
[13] and Campbell’s theorem, is given in [14]. Moreover,
the backward PHD recursion in [14] is exact and does
not require the smoothed PHD at the previous itera-
tion to be Poisson as in [15]. The PHD is inherently
multi-modal and, like the Gaussian sum smoother, a
Gaussian mixture PHD smoother is not yet available.

In this paper, we propose a closed form solution to
the PHD smoother under linear Gaussian assumption.
Specifically, we derive analytic solutions for a generic
backward recursion that covers backward smoothing for
the PHD as well as for single-target in clutter, and sub-
sequently, the Gaussian sum smoother. Two key in-
novations enabled the closed form smoothing solution.
The first consists of an alternative form of the back-
ward smoothing recursion, expressed in terms of a back-
ward corrector that resembles the two-filter smoother
[2]. The second is a set of terse yet suggestive notations
that have natural interpretations in terms of measure-
ment predictions. The proposed Gaussian mixture solu-
tion to the backward PHD recursion together with the
GM-PHD filter [18], respectively, constitute the back-
ward and forward passes of the Gaussian mixture PHD
smoother.

2 Generic Gaussian mixture

backward propagation

This section presents analytic solutions to a generic
backward recursion which can be applied to PHD
smoothing and various other backward smoothing re-
cursions for single target.



2.1 Notation

The notation described in this subsection facilitates
the derivation of the main results. We denote a
Gaussian density with mean m and covariance P by
N (;m, P), and for appropriate matrices H, R

Nur(% () =N(z H( R)

with the convention that Ajj[j(z;¢) = 1. Consider a
linear Gaussian dynamic and measurement model:

fe—1(Clz) = Nry 00 (G ) (1)
9 (2¢) = N g, (2:€) (2)

where Fj;,—; is the state transition matrix, Qj is the
process noise covariance, Hy, is the observation matrix,
and Ry is the observation noise covariance. For 4,5 > 0
such that ¢ > j, define

H;; = H;
R;i = Ry,
Hijj—1 = HyjF5-1,
Rijj—1 = Rijj + HyjQ; Hyj;.

We also use the obvious short hand [H, R];); when we re-

fer to the pair H;;, R;); collectively. Thus, to construct

[H, R];;, we start with [H, R];); from (3)-(4), then re-

peatedly applying (5), (6) to construct [H, R];;—1, and

[H, R];ji—2, and so forth, until we reach [H, R]; ;. Note
For 5 > 0 define

Hyj; =[] (7)
Ry; =11 (8)

where [ ] is the MATLAB notation for the null matrix,
which satisfies

[]

M

Consider the set of integers I = {i(1),...,4(|])}, where
|I| denotes the cardinality of I, and by convention
i(1) > i(2) > ... > i(|I]). Given I and j > 0 with
i(|I]) > j or I =0, define

|-

Hi
Hrugy = [ HIJU ] ; (9)

Riugy; = (10)

and similarly to (5), (6)

Hyjj—1 = Hyj5F5)51
Ryjj1 = Ryjj + Hyj;Q; HY

Note that Hyjy; = Hj, Ryjy); = R, Hyiyy = Hijy, and
Ry = Ry);- Again, we use the obvious short hand

notation [H, R];; when we refer to the pair Hyj;, Ry;
collectively.

For example, to construct [H,R|;; we start
with  [H, R]{;1)yji2) from (7), (8) and construct
[H, R](i(1),i(2)})i(2) using(9), (10). The next step is to
apply (11), (12) to construct [H, R]g;1),i(2)}}i(2)—1, and
if necessary apply (11), (12) an appropriate number of
times to reach [H, R](;(1),i(2)})i(3)- This procedure is
then repeated until we reach [H, R]j;.

For simplicity the following inner product notation is
adopted throughout the paper

(f.9) = / f(@)g(x)da

We also denote

zZr = [ZzT(l)”ZZE\II)]T’
ZI = Zi(l) X ... X Zi(\1|)7
Z f(ZI) = Z Z f(zz(l)a ) Z’i(n))a

21€Z] 2i(1)€Zi(1) Zi(n) €Zi(n)

with the convention »_ ., f(zp) = 1, this is not in
conflict with the convention ) ., f(z) = 0.

2.2 Measurement Prediction Interpre-
tation

The matrices defined by (5), (6) have a measurement
prediction interpretation as follows. At time j — 1,
the statistics of the measurement z;_; is captured by
the measurement matrix H;_; and measurement co-
variance R;_1. The matrices H;;_; and R;;_; play
analogous roles in the distribution of the measurement
at time 7, given the state at time j — 1. The distribu-
tion g;jj—1(2;lz;—1) of the measurement z; at time j
given x;_; at time j — 1 is (from the hidden Markov
assumption, and Lemma 10 from Appendix A)

= <'/V.HJ'7RJ' (Zja ')7NFj|j71-Qj(';xj—1)>
= NHij\jferj""HinHf(zj;xjfl)
:NHJ'\j—erjIj—l(zj;xj—l)

Henceforth, Hj;_; and R;;_; can be interpreted as
the predicted measurement matrix and predicted mea-
surement covariance to time j given the state at time
7 — 1. Using the same arguments inductively, the ma-
trices H;j_; and R;;_; defined by (5), (6) can be
interpreted as the predicted measurement matrix and
predicted measurement covariance to time i given the
state at time 57 — 1, i.e.

gitj—1(zjlzj—1) = Nuy -, Ry (2i525-1)

In the same way, the matrices defined by (9), (10)
have a measurement prediction interpretation. Suppose



that the distribution g;;(zr|z;) of the joint measure-
ment z; given a state x; at time j, with i(|I]) > 7, is a
Gaussian

gnj(z1lz) = Nuy vy, (21 25)

where Hrpj;, Rpj; are the predicted joint measurement
matrix and joint measurement covariance from time j
to I (true for singleton I). Since i(|I]) > 4,

91u{j}|j(zlu{j}\$j) = /P(Zlu{j}7$1|$j)d$1
:/P(Zlu{j}\fﬂla$j)P(331|$j)d$1

= g5(z515) / or(erler)plerle; )y

= g11j(21]75)g;(z|z;)
= NHI\ijllj (21; xj)NH.i»R.y (Zj; xj)

Hence, the predicted joint measurements distribution
grugsyi (Zrugiy|Ts) is Gaussian with mean and covari-
ance given by (9), (10), i.e. the matrices (9), (10) can
be interpreted as the prediction matrix and predicted
measurement covariance matrix for the joint measure-
ments in the index set TU {7} from the state at time j.
Moreover, from the hidden Markov assumptions, and
Lemma 10 from Appendix A,

gy (zaley 1) = / 9113 (2110) Fyyor (Clazj—1)dC
= <NHI\17RI\.7‘<ZI; ')7NF7‘|J‘—17Q1(';$J'*1)>

- NHI\;'FJ\.7—1R1|j+HI\ijHIT|j (zr;25-1)

Hence, given a state x;_; at time j — 1, the joint mea-
surement zj is Gaussian distributed with joint predicted
measurement matrix Hy;_; and joint measurement co-
variance Rp;_q, defined by (11), (12).

2.3 Solutions to a Generic Backward
Recursion

Consider a sequence of functions By, k < [, with
Byji(w) = 1, generated according to a generic backward
recursion of the following form

Bii(@) =i + P {Bipap Lt (Ziias ), Fropa i (-2))

(13)
where
Lk—i—l(Z; 58) = Q41+ Z wk+1(z)NHk+1»Rk+l (Z; :L’)
z€Z
(14)
fk+1|k(qx) :NFk+1\k7Qk+1(C;x)a (15)

Qk+1, Pk+1, Qk+1, Wet1(2) are given non-negative con-
stants and Hypy1, Rry1, Frpin, Qry1 are (suitable)
given matrices. This recursion covers a number of back-
ward smoothing recursions including the PHD. A closed

form solution to this generic backward recursion is given
by the following result. The proof is given in Appendix
B.

Proposition 1 For k <1, if

Bjp(x) = Z Z Wik (20N, R) g (215 T),
IC{l:k+2} 21€2;
(16)
then
Bpj(z)=qx+1

+ Z Z P Wr k(20N Ry (215 )

IC{l:k+2) €21
+ D> D> D penwkn(zea)wrpn(zr)
IC{l:k+2) 21 €21 2hi1 € Zks1

XA/[HvR]Iu{k+l}\k(ZIU{k+1};x) (17)

where the notation {l : k} denotes {l,1 —1,....k}.

The above result presupposes By 1), of the form (16).
This is indeed the case. The following result provides
a complete closed form solution for By;. The proof is
given in Appendix B.

Proposition 2 For k <,

Bup(x) = Y Y wip(z0)Nm. gy, , (213 2)
IC{l:k+1} 21€21
(18)
1 1 j—1
wipz) = | [ pes+ > ¢ ] piw
’i:I|1‘+l j:I‘l‘—‘rl ’L‘:I‘l‘—‘rl
X (HP#M(%)) H picy | (19)
iel i€{I) k1) -1

3 The Gaussian Mixture PHD
smoother

This section details a closed form solution to the PHD
smoother under linear Gaussian multi-target assump-
tions, using the generic backward recursion presented
in the previous section. We also apply this the to de-
rive a closed form smoothing solution to single target
in clutter.

3.1 The PHD smoother

The forward-backward PHD smoother consists of a
forward pass followed by a backward pass. The forward
pass is, in fact, the PHD filter [12], and the backward
has recently been proposed by [15], [14]. Denote

vy, = filtered (updated) PHD at time k
U1k = predicted PHD from time k to k + 1
vg; = smoothed PHD from time I to k ( k <)



Ye+1)x = PHD of birth at time £k + 1
Jr41)k = single-target transition from time k to & + 1

Ps,k+1|k = probability of survival from k to k + 1
qs.k+1)k = 1 — Psk+1)k
gr+1 = single-target likelihood at time k£ + 1
DD k+1 = probability of detection at k + 1
4D k+1k = 1 —PDks1jk
Kg+1 = clutter PHD at k + 1

then, the forward-backward PHD smoother can be de-
scribed by the following steps:

e PHD prediction [12], [13] (without spawning)

Vg |k (€) :'YkJrl\k(O+<Uk\k:ps,k+1\k> fk+1|k(<|')(> )
20

e PHD update [12], [13]
V1 b+1(2) = Vpgr (@) Leg1 (Zrr; ) (21)

where

PD k4 1(2)gry1(2|T)
Lk Z; xT)= :
+ ) ;Iﬂm(Z)+<pD,H19H1(Z\'),Uk+1\k>

+ gD kt1(x) (22)
e PHD backward smoothing [15], [14]:
Vg () = V(%) By (2) (23)
where
By (z) ZPS,k+1|k($)<Zl:1I|l s frranl- |x)>+QS,k+1k(x)
(24)

A particle implementation of the PHD smoother has
been proposed in [15] using the particle PHD filter [17]
for the forward pass, and a novel particle-based back-
ward pass.

3.2 Linear Gaussian multi-target model

In addition to linear Gaussian dynamic and measure-
ment for individual targets given by (1), (2), the linear
Gaussian multi-target model assumes that:

e the survival and detection probabilities are state
independent, i.e.

ps,k+1|k($)
pD,/c+1(9C)

= PS,k+1]k>

= PD,k+1-

e the intensities of the birth RFS is a Gaussian mix-
ture of the form

Ttk

Z w»yk+1\k (3 mfyl)c+1|k7p'5fl)€+l\k)’

(27)

7k+1\k

(@) (@) (4) .
where Jy g1k, W k1) "oy kt1)ko P’y,k+1|k7 t=
1,...,Jy k+1jk, are given model parameters that

determine the shape of the birth PHD.

Under linear Gaussian multi-target assumptions, it
has been shown in [18] that if the initial PHD is a Gaus-
sian mixture, then all subsequent predicted PHD and
filtered PHD are also Gaussian mixtures. Moreover, a
Gaussian mixture PHD filter was derived for propagat-
ing the predicted and filtered PHD [18]. We denote the
Gaussian mixture predicted and filtered PHDs as follow

Jrt1(k
(2) (2)
Uk (2 Z Wy N @iy P, (28)
ch
Vg (T Zw,(jl)k xm,(jl)k,P]S,)c) (29)

3.3 Gaussian mixture backward PHD
recursion

The key to a closed form solution to the backward
PHD recursion is the following recursion for the back-
ward corrector term By

Proposition 3 : Let By;(x) = 1. Then for k <1,
B (@) =ps k16 () (Bis1i Lt 1(Zis1; )5 frrrw(]x))
+ s pt1ik(T) (30)
Proof: It follows from (23) and (21) that

Uk+1]1

Vi1 |k+1Brr1p1
= Ukl ) = Li+1(Zk+15 ) Bryapis

Vk41|k Vk41|k

which upon substitution into (24) gives (30).

The forward PHD recursion (20), (21) and backward
corrector recursion (30) can be thought of as a 7 2-filter”
PHD smoother.

Under linear Gaussian multi-target assumptions, the
pseudo likelihood Ly41(Z;-) in the PHD smoother be-
comes

pD,k+1NHk+1 JRe41 (Z; )

Li1(Z;-) = + 9D k+1
n(Z:) ; Ki4+1(2) + PD g 17Tk41(2) *
(31)
where
Tk"rl( ) <NHk+1,Rk+1( ) ’Uk:-‘rl\k:>
Ttk 0
_ J
Z wk+1\kNHk+1 Rk+1+Hk+1P,£+i‘kaT+1(z mk+1\k:)

j=1

This follows from (28), and (45) from Appendix A
Thus, the backward correct recursion take on the
generic form (13) and hence the closed form solutions
to the backward corrector recursion follow from Propo-
sitions 1 and 2 with ¢; = gs i1, Pi = Ps,iji—1,

PbD,i
ki(zi) + pp,iri(z:)

Q; = (4D,i, wz(zz) =



These solutions are summarized in the following propo-
sitions.

Proposition 4 Under linear Gaussian multi-target as-
sumption, if

Bry1i(z) = qsptoik+1 +

Z Z wl\k+1(ZI)J\/[H,R]M+1 (ZI; HC)

Ig{l:k+2} ZIE€EZT

then

By(x)=

+ Z Zps‘,k+1\k¢lD,k+1w[\k+1(ZI)A/[H,R]“k(ZI5x)
IC{l:k2} z1€Z1

LD INDIEDD

TC{L:k42} 1€ Z1 2301 € D

qS,k+1|k

PS, k1 |kPD k1 wI|k+1(ZI)
K1 (Zer) FPD ke Tt (Z)

X 'A/.[HvR]Iu{k+1}\k (ZIU{k—&-l}; x)

Proposition 5 Under linear Gaussian multi-target as-
sumption, the backward corrector By for k < is given

by

By(z) = Z Z wrk (20N, gy, (2157)
IC{l:k+1} z1€Z1
1)1+ I+ I+
w]\k(zf) = HpSz|z 19D+ ZqS]Ufl HpS'L|z 19Di

i=7—1

H Ps.ili14D;i

’L‘G{I“‘:kﬁ*lkf

y H Ps,i|i—1PD,i
; ki(2i) +ppiri(2)

el

Hence, using (23), (29), proposition 5, and then
(46) from Appendix A, the closed form solution to the
smoothed PHD is

Proposition 6 Under linear Gaussian multi-target as-
sumption, the smoothed PHD vy, is a Gaussian mizture
given by

Tl
vpp(r) = Z Z Zw,(jl)kwﬂk(zl)qul)k(zl)
IC{lk+1} 21€2; i=1
<N (w5 m), (21), Pj)) (32)
where
G0 = Ny ey, Grimis) (33)
g (z1) = m, + K\ (zr — Hypmy),) (34)
P,S,l (- Kzi&cHllk)Pzgu)c (35)
Kl(;\;c Pl£|l)cHl|k(HI\k k|kH1‘k+RI|k) L (36)

3.4 Closed form solutions to single-
target smoothing

This subsection illustrates the utility of Propositions
1 and 2 through the derivation of a closed form solution
for single target smoothing in the presence of detection
uncertainty and clutter.

For each integer k > 0, let

Pr|x = filtering density at time k
Pr+1jx = prediction density from time k to k + 1
Pri = smoothing density from time &k to I ( k <)

Then under linear Gaussian assumptions—linear Gaus-
sian dynamic and measurement, constant probability
of detection, and Poisson clutter—if the initial prior is
a Gaussian mixture, then all subsequent predicted and
filtered densities are also Gaussian mixtures.

Jrg1(k
(@) (4)
Prrafk(® Z wk+1|k (@M Pryae)s (37)
Jk:\k ‘
Prjk(® Zwkl\)k-/\/x mk|k7 k|k) (38)

See [19] for the Gaussian mixture prediction and up-
date. The single target forward-backward smoothing
recursion consists of the following steps:

e prediction

pk+1\k(<) = <pk\k’NFk+1\k7Qk+1(C")> (39)
e update
Pr1fk+1(%) = Prg1jp(®) Lit1(Zry1;2) - (40)
where
qD,k+1 H;al +DPD kY Iﬁi_l{z}/\/[H,R] W(Z? )
Lya(Z; )= =2
Tk+1(Z)
ria(Z) =D o +PDkn Y Kt Thia(2)
z€EZ
Jera| ke
(4)
ren(z Z k+1\k Hk_,.l,RH_1+H;H_1P,iQ| HT (3 M |k

hZ:HzGZ h Z

with the convention f@%_H =1, (even if k41 = 0),

e backward smoothing

Pr)i(T) = Pk (7) By () (41)
where
Byji(x) = <£::;’fk+1|k('|ﬂf)> (42)

)



Similar to the PHD filter, the key to the closed form
backward recursion is the following recursion for the
backward corrector.

Proposition 7 : Let By(x) = 1. Then for k <1,

Byj(z) = <Bk+1uLk+1(Zk+1§ s fk+1|k('|$)>

Proof: It follows from (41) and (40) that

(43)

Pr+1)1
Pr+1k

_ Prt1jk+1Brap

= Lpy1(2r415 ) Brsap,
Pk+1k
which upon substitution into (42) gives (43).

The backward corrector recursion takes on the
generic form (13) and hence the closed form solutions
to the backward corrector recursion follow from Propo-
sitions 1 and 2 with ¢; =0, p;, = 1,

o = DT w,(z.)_pm“ )
i Ti(Zi)’ i\~ TZ(ZZ)

Proposition 8 For k < [, under linear Gaussian as-
sumptions, if

Beru@) = > > w1 (z0)Nu gy, (2152)
Te{l:k+2} 2162,
then
K "4D k1
By (z) = Pl D411 S0 wipralan)

7
Tk+1(Zh+1) I€{l:k+2) 2EZ

><N[H R],‘,C(ZI;JJ)

4 _PDk+1 PD. k+1 Z Z Z nfﬁﬂzm}

ri+1(Z
k+1 k+1 Te{l:k+2} z1€21 26p1€ZK11
X wI|k+1(ZI)~N'[H,R]IU{k+1Hk(Zlu{k+1}§ )

Proposition 9 Under linear Gaussian assumptions,
the backward corrector By, for k <1 is given by

. 1
Byj(z) = (H T’v:(Zz‘)>
i=kt1

Zj
SIDDNED D B | QN7
IC{l:k+1} z1€Zr \je{l:k+1}—T
X (HPDMZ e }> A/[H,R]”k(zﬁx)
iel

Remark: The normalizing constant Hli:k+1 ri(Z;) is
included for completeness, in practice there is no need
to calculate it at all. Instead we normalize the weights
of the Gaussian components of py,,(z) By (x). Thus, it
is not necessary to compute the prediction and filtering
densities for time k4 1 to I. In fact we only need (the
Gaussian components of) the filtered density at time k,
and predicted density to k + 1.

The Gaussian sum smoother is a special case of the
above proposition with pp,; = 1,k;, = 0,2; = {2},
where the backward corrector is given by

MH R];. k+1\k(zl k415 )

Byj(x) = (44)

4 Appendix A

Lemma 10 : Given F, Q and H, R of appropriate di-
mensions, and that QQ and R are positive definite

Nur(z;),N(; Fz,Q))

Lemma 11 : Given H, R, m, and P of appropriate
dimensions, and that R and P are positive definite,

N r(2;2)N (2;m, P) = N(z;m, P)Ny gy mpur(z;m)

Tl:k+1 (Zl:kJrl)

= NHF,R+HQHT(Z§ 95) (45)

where

m
P=(I-KH)P
K =PH"(HPH" + R)™*

Lemma 12 Given I and k > 0, such that i > j,
under linear Gaussian dynamic model (1),

N gy, (213 2)
= (Nl (o) FeseClo)
MHvR]IU(k+1}\k (ZIU{k—H}; )

= <N[H,R]m,+1 (2r; ')'/\[[H,R]k+1 (Zhs157), fk+1|k('|3?)>
(51)

(50)

Proof: For (50), using Lemma 10 and definitions of
Hyjg, Ry in (11), (12), we have
<./\/'[H,R],‘k+1(21; ')afk+1\k("x)>
= Wit Rejpes 15D NE @ (52))
= NHIH«HFk+1|k7Ruk+1+Huk+1Qk+1Hﬁk+1(ZI;m)
ZNHH,C,RM(ZI;HJ)
= -/V.[H,R]I‘k(zﬁz)

For (51), note from the product of Gaussian densities
in z; and zx41 and definitions (9), (10) that

-/V[H7R]Hk+1(zl; C)MH,R]k+1(Zk+1; C)
= N, 0 Ripes 21 ONm Ry (28415 €)
= NH0 ey es 1o Rio gerny e (Z10ge+135 €)
= NH R0 (esrynes (B10{R+135 C)

Hence, it follows from (50) that

<-/\/[H,R]“k+1 (ZI; ')-/\/[H,R],chl (Z/c+1; '), fk+1|k("x)>

= <-/\[[H,R]1u{k+1}\k+1 (ZIu{k+1}§ ')7 fk+1\k('|x)>

= -/V[H,R],U{Hl”k (Zlu{k+1}§ 5'3)



I pici| (55)

Proof of Proposition 1: Using the generic pseudo
i€ {Jp1 kAT

5 Appendix B ( )
X plwl Z'L
likelihood (14), (50) and (51) we have

then from Proposition 1, By is given by (17) which

BrotiLiss (Zsss-
il (Zeei) can be expressed in the form (18) by setting

= Z Z ak+1w1\k+1(zl)-/\/’[H,R]I‘k+1(ZH')

IC{l:k+2) 21€Z; wrk(2r)
o> > Y wen(zr)wien(ar) Qo +Prriep e (20), 1= 0
IC{1:k+2} 21 €21 2k 41€Dk41 = Prrcerwriea(zr), 1S {1 k+ 24 1 #0
Pea Wi (Zh)Wra(2r), T=JU{k+1}, JC{l:k+2}

X MH,R]I\;Hl (ZI; ')NHk+17Rk+1 (Zk-‘rl; )

= Z Z ak+1w1\k+1(zl)/\/’[H,R]ﬂk+1(ZH')

IC{l:k+2} z1€Z;

(56)

for I C {l : k+ 1}. It remains to show that (56) is
identical to (19). For the case I = .J =0, J}y| is taken
+ Z Z Z W1 (Zp1) w41 (21) as k + 1 since we are only considering J C {l : k + 2}

IC{U:k+2} 21€21 2k 41€ 2511 in (55)
X MH7R]IU{k+1}\k+1 (ZIU{k+1}; ) k42 k42 k42
Hence, from the generic backward recursion (13), wo)r+1(20) H Dici + Z q; H DiCy;
i=j—1

Bi(2) = @rsr + Pr1 (Brs1iLies1(Zigas ), fernn(lz)) Wie(21) = st + Proran
1|k = Qk+1 +10k+1

=gt DL Y Perkwn (21) k+2 kt2  kt2
IC{l:k+2 Z
C{l:k+2} z1€21 X l_ljozaz + qu H Piy;
x <'/\/[H;R]I|k+1 (Zlv ')a fk+l|k(|x)> j=l i=j—1
k+1 k+2 k+1

+ Z Z Z P Wea(Ze) Wi ga(21) = qk+1 + H pia; + Zq] H PiQ;

IC{Lk+2} 2€Z1 2hi1 € Zhpon

j=l i=j—1
X <MH,R] N ) (Zju{k—i-l}; ')7 fk+1\k(|x)> Ak = o
TU{k+1}k+1 = leal + Zq] H 2187 (57)
= Qk+1 =t
+ Z Zpk+104k+1w1\k+1(ZI)N[H,R]W(ZI? z) For the case I C{l: k+2},1#0

IC{Ekt2} %€Z;

I +1 Iy +1 I +1

+ Z Z Z Pra Wi (Zen) wr g (2) _

[C{ER2) 2€ 21 2hs € 2t wik(21) = Ph10k41 H pic; + Z q; Hlpzaz
i=j

(H Pﬂm(%)) H bic;

X '/\[[HVR]IU{IC#»I}M (ZIU{k-I-l}; :L’)

X
Proof of Proposition 2: The result holds for the i€l i€{ljk+2}—1
initial step k = [ — 1, since applying Proposition 1 with Iy+1 I+l Iy +1
Bl\l =1, gives = H picy; + Z q; H picy;
i=j—1

Biaj(z)=q+piog+ Z prwilz2)Nw gy, (z52)  (52)

21€2,
= Z Z w[\l—l(ZI)MH,R]m_l(ZI;I) (53) 8 (lewz(zl)> ) H pucxi

el 7,6{1‘1|:k:+1}—1
IC{l} z1€Z;
where The third case I = J U {k:'—l— 1}, J Q. {l: ki—i— 2} (Note
(=) 0 that Jj; = I;) unless J is empty, in which case the
powi(z), I = {1 result holds trivially)
_ = 54 y
wr| 1(21) { (@ +picw), T =10 (54)
Iy +1 Iy +1 I +1
Suppose that the result holds for k41, i.e. for J C {l: w (2)) =
’ Jkt1(zs) = Dicy; + qj DiQ
k+2} | H Z i —13—[1
Jj+1 Jj+1 0 g+l
Wy (27) = H Dity + Z qj H Div (H Pi%(%)) H DiCy
i=j—1 ieJ ie{l‘l‘:k—‘rQ}—J



wI|k(ZI) Pr+1W+1(2k+1)

X

1=7—1

Iy +1 Iy +1 I+l
H pici + Z g I picu

X

( Pﬂm(%)) H Dic;
ieJ

i€{l|:k+2}—J

I+t T +1 Iy +1
= H pia; + Z q; H Dity;

i=7—1

X( I piwitz) II  pi

i€JU{k+1} i€{Jj:k+2}—J

i=j7—1

I +1 Iy +1 I +1
= H pia; + Z q; H Dity;
X ( H piwi(zi)

i€ JU{k+1}

Dicy;
i€ {1 :k+2}U{k+1}—JU{k+1}

Iy +1 Iy +1 I +1
= H picvi + Z g [ pieu

i=7—1

X <H piwi(zi)> H yZ1e%;

iel i€ {Ijy)k+1}—1

Hence the result follows by induction.
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