Bayesian Multi-Object Estimation from Image Observations
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Abstract — Analytic characterizations of the posterior distion that the regions of the image influenced by individual
tribution of a random finite set of states conditioned on instates do not overlap, we derive closed-form expressions of
age observation are derived, under the assumption that ttie posterior for certain classes of priors. These resudts a
regions of the observation influenced by individual stategplicable to non-superpositional measurement models. As
do not overlap. These results provide tractable means @0 application we develop a multi-object filter suitable for
jointly estimate the number of states and their values in tlagplications involving image observations with low signal
Bayesian framework. As an application, we develop a multe noise ratio. We also present a tracking example as proof-
object filter suitable for image observations with low sijnaf-concept for the proposed approach.

to noise ratio. A particle implementation of the multi-atije

filter is proposed and demonstrated via simulations. 2 Multi-object estimation with image

Letzy,....,z, € X CR? denote the state (or parameter)
vectors and ley = [y1, ...y,] denote the image observation
comprising an array ofn pixel (or bin) values. The value
. y; of theith pixel can be a real number or a vector depend-
1 Introduction ing on the application. For example, in a greyscale image

This paper investigates the problem of jointly estimatingach pixel value is a real number, whereas in a color image,
the number of objects and their states from image obsere&ch pixel value is a 3-dimensional vector representing the
tions. The copious amount of available image data rendéntensities of the three color channels. Given an image ob-
this so-called multi-object estimation problem an impottaservationy, we consider the problem of jointly estimating
part of estimation theory and practice. In many applicatiothe number of states and their values.
involving image data, the estimation is often performed on We start by formulating a suitable representation of the
data that has been preprocessed into point measuremgntgti-object state and cast the estimation problem in a
Compressing the information on the image into a finite sBayesian framework in subsection 2.1. The observation
of points is efficient in terms of memory as well as computarodel considered in this paper is then described in subsec-
tional requirements, and is very effective for a wide ranfge ion 2.2, setting the scene for the main results in Section 3.
applications [1, 5]. However, this approach may not be agd- . . . .
egﬁate for arEpIici\tions with low sigrr)wzl to noiseyratio as tf%l Multi-object Bayesian Inferencing
information loss incurred in the compression becomes sig-In the context of jointly estimating the number of states
nificant, and it is necessary to make use of all informaticaand their values, the collection of states, referred to as th
contained in the image(s). multi-object statgis naturally represented as a finite set. The

We formulate the multi-object estimation problem in aationale behind this representation traces back to a funda
Bayesian framework by modelling the collection of states tnental consideration in estimation theory—estimatioorerr
be estimated as a realization of a random finite set. The $tdithout a meaningful notion of estimation error, the output
lution to this problem is intractable in general, even fag thof an estimator has very little meaning. Simply stacking in-
special case of superpositional measurement model whdiédual states into a single vector does not admit a satisfa
the image observation is the sum of the observations gertery notion of error as illustrated in Figures 1 and 2, with th
ated by individual states and noise [6]. Hence, drastic byitound truth represented by the vecfdrand the estimate
principled approximations are needed. Under the assumepresented by the vectdt. Intuitively, for the scenario
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in Figure 1, the estimate is correct but estimation error teeory [12]. In recent years FISST has generated subdtantia
IX — XH = 2. While this fundamental inconsistency carinterest due to the developments of the Probability Hypoth-
be remedied by taking the minimum of the distance over asis Density (PHD) and Cardinalized PHD filters [4],[12],
permutations of the states i.enin,c,,,(x) | X — X| =0, [13],[8],[14].

there is a more serious problem. What is the error whenUsing the FISST notion of integration and density, the
the estimated and true number of states are different, epgsterior probability density(-|y) of the multi-object state
the scenarios in Figure 2?7 A finite set representation of than be computed from the priarusing Bayes rule
multi-object state X = {z1, ..., x,}, admits a mathemati-

cally consistent notion of estimation error since distanee *(X|y)
tween sets is a well understood concept.

gm0
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whereg(y|X) is the probability density of the observatign

0 ! given the multi-object stat& (the specifics of this density
x=° ® x=|! ® is given in the next subsection), and
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is the set integral of a functiofitaking F ('), the space of
finite subsets oft, to the real line.

Figure 1: Hypothetical scenario showing a fundamental

inconsistency with vector representations of multi-obje2.2 Multi-object likelihood function

states The type of image observation considered in this work

is illustrated in Figure 3. Objects are assumed to be rigid
bodies that cannot overlap with each other. In ground tar-

1 get tracking, for example, the objects would be vehicles or
0 ! ® stationary objects that must be physically separated.
b :M 1o
®
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Figure 2: Hypothetical scenario showing a fundamenta
inconsistency with vector representations of multi-objec
states. How should the error be assigned when the estimatggire 3:  An illustration of overlapping and non-
number of object is incorrect? overlapping objects.

In the Bayesian estimation paradigm, the state and meaap, gpject with stater illuminates a set of pixels denoted
surement are treated as realizations of random variablgg7 (1), for examplel’(z) could be the set of pixels whose
Since the (multi-object) stat¥ is a finite set, the concept of centers fall within certain distance from the position o th
arandom finite set (RFS) is required to cast the multi-objeggject. A pixeli € T'(z), i.e. illuminated by an object with
estimation problem in the Bayesian framework. The spaggyte;, has value distributed according ¢g(-, z), while a
of finite subsets oft’ does not inherit the usual Euclidearyixe| ; ¢ 7'(z), i.e. not illuminated by any object, has value

notion of integration and density. Hence, standard tooi's fRistributed according te; (-). More concisely, the probabil-
random vectors are not appropriate for RFSs. Mahler's iy gensity of the valuey; of pixel i, given a stater is

nite Set Statistics (FISST) provides practical matherahtic
tools for dealing with RFSs [4, 5], based on a notion of in-

tegration and density that is consistent with point process plyilr) = { : 2

¢i(yi), i¢T(v)



For example, in track-before-detect (see [10] Chapter 11), The cardinality (number of elements) ok, denoted as
|X|, is a discrete random variable whosmbability gen-
¢i(yi) = N(y:;0,0) erating functionPGF G(-) can be obtained by setting the
wilyiz) = N(yi;hi(z),0) functionh in the PGFIG]-] to a constant. Note the dis-
tinction between the PGF and PGFI by the round and square
whereh;(z) is the contribution to pixel from the stater, brackets on the argument. The probability distributioof
which depends on the point spread function, target lodhe cardinalityl X | is the Z-transform of the PG&(-).
tion and reflected energy. Note that (2) also holds for non-The Probability Hypothesis DensitgPHD), also known
additive models, see for example [3]. in point process theory as antensity functionis a first-
Under the following assumptions: order statistical moment of an RFS, which can be obtained
by differentiating the PGFI [2, 4]. For an RE® on X, its

e conditional on the multi-object state, the values of theyp is a non-negative functiomon X’ such that for each
pixels are independently distributed, and regionS C X

o the regions of influences of the objects on the image do
not overlap, i.ex # 2’ = T(x) N T(2') = 0, E[IXNnS|) = / v(z)de, (5)
s

the probability density of the observation conditional ba t
multi-object stateX is given by

gyl X) = (H H @i(yi,$)>( H

zeEX €T (x) i¢UzexT

In other words, the integral af over any regiort gives the
expected number of elements &fthat are inS. The local
maxima of the PHD are points it with the highest local
éi() | concentration of expgcted number of elements, and can be
() used to generate estimates for the elemenfs.of
It has been shown in [7] that two simple multi-object es-
= f(y) H 9y(@) (3) timators based on the (posterior) PHD and cardinality dis-
r€X tribution are Bayes optimal. In the first Bayes optimal esti-
mator, the estimated number of statds,is determined by

where rounding the PHD mas§ v(z)dz, and the estimated states

() = H ©0i(yi, x) are chosen to be th& highest maxima of the PHD. The
9y o i€T(x)  ¢i(y;) second Bayes optimal estimator the same as the first except
m that the estimated number of states is the maximum a poste-
) = Hi:l 9i(Y:)- riori estimate.

The RFS pertinent to our key results and their PGFls are
summarized in the following.

Poisson:A PoissorRFS X on X is one that is completely
. . . characterized by its PHD or intensity function[2]. The
3 Analytlc characterization of the cardinality (number of elements) of a Poisson RFS is Pois-

multi-object posterior son with mean(v, 1), where(v, h) denotes the standard in-

This section presents analytic characterizations of tH?r productfv(x)h(a:)da:,_and for a given C?‘rd'”?‘"ty th?
I . . elements ofX are each independent and identically dis-
multi-object posterior distribution for the observatioondel

in the previous section and three classes of muIti—objeté'PUtEd with F.meab'“ty density/ (v, 1). The PGFl of a
. . . . . Poisson RFS is
priors, namely Poisson, independently and identically dis

_ {(v,h—1)
tributed (ii.d.) cluster, and multi-Bernoulli. These rtiul Gl =e : )
object priors are described nextin subsection 3.1 alonig wit |.|.D. cluster: Anindependentand identically distributed
a summary of the mathematical tools used in this work. Thigi.d.) cluster RFSX on X is completely characterized

We refer to multi-object likelihood function of the form (3)
asseparable

main results are presented in subsection 3.2. by a cardinality distributionp and a PHDv that satisfy
. . . > onp(n) = (v,1) [2]. For a given cardinality, the el-
3.1 Probability generating functionals ements of an i.i.d. cluster RE® are each i.i.d. with prob-

Apart from the probability density, the probability generability densityv/ (v,1). The PGFIG[-] of an i.i.d. cluster
ating functional (PGFI) is another fundamental descripfor RFS is given by
an RFS. Following [2, 4], the@robability generating func-
tional (PGFI)G[-] of an RFSX on X is defined by Glh] =G (2% h;) @)
v,1) )’

whereG(-) is the probability generating function of the car-
where E denotes the expectation operatarjs any real- dinality |X|, i.e. the inverse Z-transform gf. Note the
valued function onX such that0 < h(z) < 1, and distinction between the square brackets for functional and
hX = [1,ex Mx), with h? = 1 by convention. round brackets for function.

G[h] = E[hY], (4)



Multi-Bernoulli: A multi-BernoulliRFS X on X is a and using Bayes rule to obtain the posterior probability-den
union of a fixed number of independent RFSS? that sity p(-|y) gives
has probabilityl — (V) of being empty, and probability

r € (0,1) of being a singleton whose (only) element is Glhly] = /hxw(X|y)§X

distributed according to a probability densjt$) (defined

onX), [5] . B J h¥g(y|X)m(X)6X
X = Ui_l xO. (8) [yl X )m(X)oX!

fy) [Thg, ¥ m(X)6X

Each X is called aBernoulli RFS. Using the indepen- =

dence of thex ('s, the PGFI of a multi-Bernoulli RFS is f) [ g m(X)ox
given by _ Glhgy]
G[gy] '
M . . X ¢
_ _ (9 (1) ((2)
el =TT, (1=r@+r9pO.m) . (@

For a Poisson RFS prior, which is completely character-
A multi-Bernoulli RFS is thus completely described by th&#€d by the PHD, the following result shows how the PHD is
multi-Bernoulli parameter§(r(®, p(V)}M . The parameter ypdated with the obser\{atl(y] i.e. how th_e posterior PHD
() is the existence probability of thith object whilep(? 1S computed from the prior and observation.
is the probability density of the state conditional on itssex  Corollary 1: Under the premise of Proposition 1, if the
tence. For convenience PGFI of the form (9) is abbreviatpdor distribution of X is Poisson with PHDy, then the pos-
by {(r®,p)}M . The term multi-Bernoulli is also usedterior distribution is also Poisson with PHD(-|y) given by
to mean a PGFI or a probability density of a multi-Bernoulli
RFS. v(zly) = v(x)gy(z)

Since, the PHD of a multi-Bernoulli is given by
Proof: SinceX is Poisson with PHD, its PGFl is given

o(z) = Zﬂjl rDp (z), (10) by G[h] = "1 Using Proposition 1,
and the cardinality of a multi-Bernoulli RFS is a dis- Glhly] = Glhg,] _ ethon—
crete multi-Bernoulli random variable with parameters Glgy] efv:gy—1)
.. (M) Bayes optimal estimators based on the PHD —  oWhay—g,) — plvgyh=1)

and cardinality distribution are applicable. Moreover,
a more intuitive multi-object estimator can be obtaineghys, the posterior is Poisson with PHD, .

from the existence probabilities”’s (andp\'’s). Given A weaker result has been established in [9] where it was
{®,p)}},, similar to the PHD-based estimator, th&hown that the posterior PHD is proportionatig,. Corol-
estimated number of states/, is determined by round- |ary 1 shows that the posterior PHD is equabtg, and that

ing arg max p. However, the estimated states are chosentige posterior RFS is Poisson. This result can be generalized
be theN means (or modes) of the probability densities iy i.i.d. cluster RFSs that are completely characterized by
{(r®, p)}M, with highest existence probabilities. the PHD and cardinality distribution as follows:

3.2 Closed form data-updates Corollary 2:  Under the premise of Proposition 1, if the
' . . 'Qrior distribution of X isi.i.d. cluster with PHDv, and car-
We first present a result concerning the posterior PGEl .~ = .~~~ o .
ST . o dinality distributionp, then the posterior is also i.i.d. cluster
for the observation likelihood considered in this work (Sev(\a/ith PHD (-|y) and cardinality distributionp(-|y) given b
subsection 2.2), which allows, with surprising simplicitye Y y Pliv) 9 y

posterior distribution for Poisson, i.i.d. cluster, andltiau

Bernoulli RFS to be characterized analytically.

Y e (0.9,

Proposition 1: Suppose thak is a random finite set on vzly) = o(@)gy(r)—%— oo\ (11)
X, with prior PGFI G andy is a vector observation of X Z: p(5) ( To,1) )
with separable likelihood function, i.e. < Jfon
v,9y)
p(n) Uf]1y
9(ulX) = F W)y plly) = = (%) : (12)
| . > o) ()
Then the posterior PGHE[-|y] of X giveny is j=0 L)
Glhly] = G[hgy) Proof: SinceX is i.i.d. cluster with intensity and car-

Glgy] dinality distributionp, its PGFl is

Proof: Let p andp(-]y) denote the prior and posterior (v, h)
probability densities. Applying the definition of the PGFI Gl =G (v,1)



whereG(z) = >>2 p(j)2? is the PGF of the cardinality of () (p"), h)). Using Proposition 1,

X. Using Proposition 1, N

_ @ (@) ( (@)
G ((’Ugy,h>) - G[hgy] B 1;[1(1 T +r <p ) th>)
Glgy] GQ (((717;91%)) Y H (1 —r@ 4+ r@ (p@ g,})
= vgy, " N i i i
o) (L2 B (e
_ ngg - e 1— T(Z) —+ (1) <p(z)’ gy>
y <7J7 y> ’ N
&) (%) _ ﬁ ( r@ (p®, g,)
0 v " gy n o L - 1 — @ + r(2) <p(1)7 g >
> o (54) (f2) y
— n=0 = 7 (13) + T(l) <p(Z ’gy> p(l)gy h
> o) () 1= 110 (p, g5 \ @, g}

o Thesth term in the above product is the PGFI of a Bernoulli
where eq. (13) follows from the identity, g,) = (vgy,1). RFS. Hence, the posterior is a multi-Bernoulli, with param-
To establish that the posterior RFS is indeed an i.i.d. etuskter set given by (14) .

with PHD (11) and cardinality distribution (12), we need Remark:Each of the corollaries above can be easily ex-

to show that the posterior PGFI has the fofi#k|y] = tended to the multiple sensor case, as long as the likelinood
G (<< HZ; }3’ ) Note from (11) that ”"y’li = E Hzg ’1L>> functions of the sensors are separable. The posterior param

(since the quotlent of the infinite sums cancel), hence sufers can be iteratively computed by updating the prior pa-
stituting for (vgy.h) in (13) and using (12) gives rameters with sensor 1, then treating the updated parasneter
<U9ya1>

as the prior parameters and updating this with sensor 2, and

(0,000 \ " so forth. This procedure is repeated until the list of semsor
> p(n) ( w.1) ) w(-ly), ) \" is exhausted. Since the updates are exact, the end result is
Glhlyl = Z io: ) (@g >)j (<U(.|y) 1>> independent of the order in which the updates are done.
n=0 2. PU) (Tt ’
L . 4 Multi-object filtering with image
= D _rnly) | = data
n,o (w(ly), 1)
- b This section considers the multi-object filtering problem
= G ( (wly), h) ‘ y) ) for image data. Unlike the static setting in the previous sec
(v(-ly), 1) tion, the multi-object state evolves in time and generates a

image observation at each sampling instance. Hence, not
only do the values of the states evolves but the number of
states also evolves due to objects appearing or disappearin
Multi-object filtering involves the on-line estimation dfe
multi-object state from collected data.

Therefore, the posterior is ani.i.d. cluster process WiiDP
(11) and cardinality distribution (12) .

Remark The posterior PHD (11) and cardinality distribu-
tion (12) were obtained by differentiating the posteriof?G

G[|y] and PGFG.('|y) respectively. However, for the proof In what follows, we use the multi-Bernoulli update in the
of Corollary 2, it is not necessary to show these steps.

Corollary 1 is a special case of Corollary 2 where the Cj)rewous section (Corollary 3) to develop a multi-object fil

dinality is Poisson distributed. Whereas Corollaries 1 2n ering algorithm for image observation. ' The filtering for
. : N mulation and the proposed multi-object filter is described
characterize the posterior distribution by the PHD and car-
LT . . In subsection 4.1 while the particle implementation is de-
dinality distribution, the following result charactergz¢he

e . R scribed in subsection 4.2. Similar algorithms can be devel-
posterior distribution by a set of existence probabilites! d using th d I Cid ol
probability densities. oped using the PHD update (Corollary 1) ori.i.d. cluster up-

Corollary 3: Under the premise of Proposition 1, if th dfme (Corollgry 2). Hoyvev_er, since the_observation modelis
prior distribution of X is multi-Bernoulli with parameter set ighly r_10n-|mear, particle mplemgnta_tlons are emplojed
{(r®. p®1N _then the posterior is also multi-Bernoull approximate the PHD, and clustering is needed to extract the
with ’gramze:tgr set 'estimated states from the particles. The clustering step in

P troduces an additional source of error as well as being com-

@) /(i) , N putationally expensive [12]. The multi-Bernoulli apprbac
{ < r@ W, gy) (g, ) } (14) avoids this problem altogether [15].
1= 0 50 (p g3 (p. , o .
w0a0) P00 ) 4.1 Multi-Bernoulli filter for image data

Proof: SinceX is a multi-Bernoulli, with parameter set The multi-object filtering problem can be casted as a
{(r® p®}N | its PGFlis given bya[h] = [T.' (1 —r() + Bayes filter on the space of finite sF§X). Let m(-|y1.1)




denote thenulti-object posterior densigt timek. Then, the k — 1, the predicted multi-Bernoulli parameters are
multi-target Bayes recursiopropagatesr; (-|y1.x) in time _ _ _ Y
[4, 5] according to the following prediction and update step 7(x—1 = {(r;}k‘kfl, pgﬁ_’)k‘kfl)}]ﬁf U {(r(;’)k,p(ﬁ)k)}i:f,

(18)

T k—1( Xk |Y1:1-1) :/fk|k71(Xk|)()7Tk—1(X|y1:k—1)§X (15) Where

Ik (k| Xo) Thepe—1 (X [Yy1:6-1) Tg,)kwq = 7’1(;31<p1(;11aps,k>a (19)

T X = R s (Kl nax” 0 (i

AL L P () = (frpp—1(2]), Py "1 Ps k) (20)
where the integrals above are set integrflg,_, (-|-) is the Pk <P;(217ps.,k>
multi-object transition densityfrom time % — 1 to &, and Frik—1(-|¢) = single target transition density at
gk (+]-) is themulti-object likelihoodat timek. : . :

S - . time k, given previous staté,
The multi-object transition densityy,,_1(-|-) encapsu- . i

lates the underlying models of motions, births and deaths. ps.x(¢) = probability of target existence at

A popular multi-object transition model is the following. timek, given previous state,

Given a multi-object stat&;,_; at timek — 1, eachx;_1 i i) \y Mrx . .
in X, _; either continues to exist at tine with probabil- {(T(Fv)k’p§=)k)}i:1 = parameters of the multi-Bernoull
ity ps.(zr_1) and moves to a new statg, with prob- RFS of births at timé.

ability density fy,_1(zk|zk—1), or dies with probability

1 — ps.k (zx—1). Thus, given a state,_; attimek — 1, its Multi-Bernoulli Update: Given the predicted multi-
behaviour at time: is modeled by the Bernoulli RFS Bernoulli parameter{(rfc?kfl,pmil}iﬂi’i"“’l, the updated

multi-Bernoulli parameters are
Sk\kfl (1)

(@) ()1 Mek—1
. . mr=1(r", i 21
with r Zps,k(xk_l) andp(-) = fk\kfl('lxk—l)- The multi- = ko P )} =1 (1)
object stateX, at timek is given by the union where
Xy = U Sklk—1(rk—1) U T, (7) , Tl(ci\)kq <p](:|)]€71, gy>
Tp_1€Xk_1 T](Cl) = (22)

(%) (2) (1)
1- Thik—1 1 Thjk—1 <pk|k—1’gy>

wherel';, denotes the multi-Bernoulli RFS of spontaneous ”

births. Assuming that the RFSs constituting the union in (i) Prk—19y
(17) are mutually independenty, is a multi-Bernoulli RFS Py = <(Z)7> (23)
conditional onX;_;. Using FISST, the multi-object tran- Prjk—1-9y

sition densityfy.—1(-|-) can be derived from the transition : o
equation (17) [4, 5]. Track merging (heuristic): To account for the non-

Since objects do not overlap in the image, it is necesse%&erlapping ass_umption, estimates t_hat would overlap(_an th
that the multi-object transition model assigns zero liketid Image observation are merged. A simple way of merging is

. . S (D) .
to multi-object states that contain overlapping objecteré/ tcz_)comblne the existence probabilities™'s, and densities
conciselyfyx—1(X|X’) = 0 if there exist distinctz; and py’’s of hypothesized objects whose estimates fall within a
x5 € X such thafl’ (z,) N T (x2) # 0. However, assuming given distancd’,.4. of each other.

that the objects occupy relatively small regions of the imag . .
the standard multi-object transition model above serves a -2 Sequential Monte Carlo Implementation

reasonable approximation. In the following, we present a generic sequential Monte
The Bayes recursion (15)-(16) is generally intractabl€arlo (SMC) implementation of the multi-Bernoulli predic-

However, under the assumption that the extents of the dign (18) and update (21) steps.

jects in the image are small, the predicted multi-object den SMC Prediction [15]: Suppose that at timg — 1 the
Sity, 7% 1(-|y1:6—1) is @ multi-Bernoulli ifmy_i(-|y1.x—1) is (mu!ti-BemouIIi) posterior multi-object densityrk_l =

a multi-Bernoulli [5]. Moreover, by Corollary 3, the upddte {(r,(jzl,p,(jll)}ﬁ"fl is given and eachpgjzl, i =
multi-object densityr (-|y1.x) is also a multi-Bernoulli if 1,...,M;_q, is comprised of a set of weighted samples
the objects do not overlap. Hence the prediction step (15) (i,5) L)

. } R x(i’j)}- e
and update step (16) can be approximated via the following:#—1’>“k—1f5=1 »
Multi-Bernoulli Prediction: ~ Given the posterior multi- ) P, G
Bernoulli parametergy,_; = {(r'", p\”) )} M5 at time Pl (@) = ijl Wy 10,65 (2)-

1The same notation is used for multi-object and single-dljeasities. : e o (7)
There is no danger of confusion since for single-object tigeraents are Then, given proposal densme@k ( |xk*1’ yk) and

vectors whereas for multi-object the arguments are finit se b,(:)(-|yk), the predicted (multi-Bernoulli) multi-object



density (18) can be computed as follows 4.3 Simulation study
In this section, we demonstrate the performance of the

Q) — O w(w) (x( ,J)) filter proposed in Section 4.2 on a tracking example with a
"Prlk—1 T Th-1 25, Wk-1PSK\TRo1 i . . . _
ime varying number of targets observed in noise. A maxi-
(%) (2) = ZLEQ1 w(i N5 (@) mum of 10 targets appears on the scene at various instants.
Ppkjk—1 o j=1  Pklk=1%0n ) The true trajectories are shown in Figure 4 along with the

start and stop positions of each track.

Tl(“zk parameter given by birth model,

@ L@

Pr, p(T) = J;k D ’J)CS @ J)( )s 2000

1500
where
1000 [

:Cg;i\)k 1™ (l)('|171(;’71)vyk) Jg=1.. Lgcl) 500

E
) @) | (0d) (i) 2
i,J i,J i,J i,J I
w9 _ wk 1 kik— 1(TPk\k Az )ps ) =
Pklk—1 (@) ,.(1.9) (4,5) ’ o]
qk ( Pk‘k ll‘rk 173//{:) § -500}
> O  start of track
~(4,5) _ (13 (13 _ | A end of track
Wpklk—1 = Pk|k 1/2 Wp klk—1 1000
(4,9) _ (1) -1500
Trk ™~ k (|yk).] = 17---7LF7/€
(i,5) Prk (iUg ;i)) 20000 1000 0 1000 2000
Yrk = TG), () ) x coordinate (m)
bk (xl“,k Yk )
. LW . . . . .. . .
B — w(Fllz /Z rh () Figure 4: True target trajectories in the surveillanceaagi

_ The target state variable, = [ 77, wy |7 comprises the
SMC Update: Suppose that at timek the pre- planar position and Veloc|tyT = [pz,k7pm,k,py,k7py,k ]T

dicted (multi-Bernoulli) multi-object denSith\k—l = as well as the turn rate;. A nearly constant turn model
{(r](;l%\j’pl(;‘)k 1)}?@1\#1 |sdg|\]fen and feadpk}f é i = | having varying turn rate is considered:
, iIs comprised of a set of weighted samples N N
o k\k(l) o p 9 P T = F(wr—1)Tp—1 + Gwy—1
{wkl}g 1’Ikl’k7 1o e, Wp = wr—1 + Aug_1
o L ) where
i o klk—1 (i
pk\k 1 ZjZl k\lj 16 (”) (x) 1 sin:zA 0 _I_C(:;SWA ATz 0
) ) o _ 0 coswA 0 —sinwA T 0
Then, the updated (multi-Bernoulli) multi-object denS|tyF(W): 0 locoswA | sinwA G = g AP
(21) computed as follows 0 SinwA 0 coswA 0 i
@ Tl(c\)lc o) wi—1 ~ N(;0,001), ug—1r ~ N(50,031), A =
L ] @ 0) @ 1s, 0o, = 20m/s?, ando, = 27w/180rad/s. The
_rklk 1+Tk\k 1% birth process is multi-Bernoulli with densityrp =
NON Z et wid g (:C 6. (2) {(rF ,pF )}4 1 Wherer(l) = r(r2) = 0.02, r(3) (r4)
¢ Z> w10 — 003, @) = Nam®. P, m® = |
1500,0,250,0 0 |7, m? = [ — 250,0,1000,0 0 |7,
(~Filhr (i) (i:) ®) = [250,0,750,00]7, m$Y =[1000,0,1500,00]7
whereg, =", * Wy i—19ue (g p)- my~ = [250,0,750,00]", my~’ = [ )Y, ) I
P, = (0.25diag([ 50, 50, 50, 50, 6(x/180)]7))>. The

Resampling and Implementation Issues: Like the
MemBer filter [15], for each hypothesized object, the part
cles are resampled after the update step, the number of h)_a
ticles is reallocated in proportion to the probability ofsex
tence, as well as restricted between a maximuii@f, and
minimum of L,;,. To reduce the growing number of tracks
(and particles), objects with existence probabilitieotea hig(z) +wig, i€T(x)
thresholdP are discarded. Yik = { Wi ks i¢ T(x)

Probablhty of target surV|vaI iPs k( )=0.9.

The surveillance region is4)00m x 4000m square (see
ure 4) divided intd;00 x 500 pixels or bins (each bin is

a square of sid8m). The observation at timg is a noisy

imagey, with theith pixel value given by



whereT (z) is a3pixel x 3pixel square with the central pixelrors. Wherp = 1, the OSPA distance can be interpreted ex-
containing the position of, w; , ~ N(-;0,1), h; x(x) = actly as the sum of the “per-target localization error” amel t
V2, giving a3dB SNR. “per-target cardinality error”. For further details seé]J1

The simulation uses a maximum &f,,, = 5000 and .

- ; : 4.3.2 Numerical results
minimum of L.,;, = 1000 particles per hypothesized track. " )
Tracks with existence probabilities less than= 10-2 are ~ Figure 5 plots ther andy components of the true trajec-

dropped. The merge threshold is sefl{g.,4. = 0.5 times tories, and filter estimates versus time. The plots indicate
the pixel width. that the filter is able to identify all target births and desath

as well as successfully estimating their states. The esti-
4.3.1 Multi-object miss-distance

We use the Optimal Sub-Pattern Assignment (OSPA) d 2000
tance between the estimated and true multi-object state
the estimation error since it jointly captures differenges
cardinality and individual elements between two finite se
in a mathematically consistent yet intuitively meaningft
way [11]. ~2000

An intuitive construction of the OSPA distance betwee
two finite setsX = {z1,...,2,} andY = {y1,...,yn}
is as follows. The seX with the smaller cardinality is ini-

1000

x—coordinate (m)
o

-1000 |-

2000

tially chosen as a reference. Determine the assignment 5 0%

tween them points of X and points ofY’, that minimizes fg’ 0

the sum of the distances, subject to the constraint that c .§ 1000k « Filter estimates
tances are capped at a preselected maximum or cut-offve > True tracks

¢ (100m in our example). This minimum sum of distance 2 10 20 30 40 5 60 70 8 9 100

can be interpreted as the “total localization error”, whic Time

are assigned by giving the points X the “benefit of the

doubt”. All other points which remain unassigned are algeigure 5: True tracks, and multi-object filter estimates for
charged with an error value, where each extraneous pointti& scenario with 3dB SNR.

penalized at the maximum or cut-off value These errors ) o -

can interpreted as “cardinality errors” which are “penetiz mation error for th&dB SNR scenario is shown in Figure 6
at the maximum rate”. The “total error” committed is thefP9ether with that of &dB SNR scenario/(; () = 2). The
the sum of the “total localization error” and the “total carfiltér shows good performance with location error in the or-
dinality error”. Remarkably, the “per target error” obteih der of half the side length of the templaféz), i.e. around
by normalizing “total error” byn (the larger cardinality of _12m for both scenarios. AIthc_;ugh the total error is worst
the two given sets) is a proper metric [11]. In other word§ the3dB SNR scenario, the filter works surprisingly well,
the “per target error” enjoys all the properties of the usu@fhieving a similar location error to thielB case, without
distance that we normally take for granted on a Euclide&ROPPINg any tracks (see also Figure 7).

space.

A formal statement of the OSPA metric is now showr
The OSPA metric dgf) is defined as follows. Let
d)(x,y) := min (c, ||z — y||) for =,y € X, andIl;, denote
the set of permutations of1, 2, ..., k} for any positive in-
tegerk. Then, forp > 1, ¢ > 0, andX = {z1,..., 2}
andY = {y1,.-.,yn},

o
o

OSPA Dist (m)

OSPA Loc (m)

1
- 1 m P
dz(f)(X,Y) = (— (min AN s, yr(i)? + c”(n—m)))

n \w€ll, P
(24)

if m < n, andd”(X,Y) := d\ (Y, X) if m > n; and

dX, V) =d (Y, X)=0if m=n=0. 201 /\J\ o
The OSPA distance is interpreted gsth order per-target ob— e A A

error, comprised of a-th order per-target localization error Time

and ap-th order per-target cardinality error. The order pa-

rameter determines the sensitivity of the metric to outliersrigure 6: Multi-object estimation error for the 6dB and 3dB

and the cut-off parameterdetermines the relative weightingsNR scenarios.

of the penalties assigned to cardinality and localizatien e

OSPA Card (m)
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