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Abstract—The Probability Hypothesis Density (PHD) and
Cardinalized PHD (CPHD) filters exhibit a counter intuitive
behaviour called the ”spooky effect” where upon a missed
detection, the PHD mass in the vicinity of the undetected target
is shifted to the vicinity of the detected targets, regardless
of the distance between the targets. This raises the question
of whether spookiness is an artifact of the random finite set
formulation of the multi-target filtering problem. Using a para-
normal implementation of the labeled multi-target Bayes filter, we
show that this filter does not exhibit the “spooky effect” observed
in the PHD/CPHD filters.

Index Terms—Random sets, Multi-Target Bayes filter, PHD,
CPHD, Multi-Bernoulli, Conjugate prior, Tracking

I. INTRODUCTION

Multi-target filtering is the problem of jointly estimating the

number of targets present and their individual dynamic states,

from a sequence of finite set observations. To date, three major

approaches have emerged as the main solution ‘paradigms’.

These are, Multiple Hypotheses Tracking (MHT) [2], Joint

Probabilistic Data Association (JPDA) [1], and Random Finite

Set (RFS) [5].

The random finite set (RFS) approach is the newest of

these paradigms pioneered by Mahler. In essence, the col-

lection of target states at any given time is treated as a

set-valued multi-target state [6], [12]. The rationale behind

this representation traces back to a fundamental consideration

in estimation theory–estimation error [16]. The centerpiece

of the RFS approach is the multi-object Bayes filter [5],

which propagates the posterior density of the multi-object state

recursively in time. Due to the high numerical complexity of

multi-object Bayes filter, the Probability Hypothesis Density

(PHD) [6] and Cardinalized PHD (CPHD) [7] filters have

been developed as approximations based on first moments and

cardinality distributions while the Multi-Bernoulli (MB) filter

is a parameterized approximation which admits intuitive track

interpretations [15], [16]. Beyond moments and parameteriza-

tion are implementations of the multi-object Bayes filter based

on the notion of a conjugate prior introduced in [17].

The subject of this discussion is the “spooky effect” ob-

served from the PHD/CPHD filters. In [3], [4] an intuitive

interpretation of the PHD/CPHD filters is presented alongside

the revelation of a counter intuitive behavior, whereby upon

a missed detection, the PHD mass in the vicinity of the

undetected target is shifted to the vicinity of the detected

targets, regardless of the distance between the targets. The

shifted mass and, hence, the remaining mass of the undetected

part both depend on the total target number. The phenomenon

is analytically traceable in the case of zero false alarm rate.

This phenomenon was coined as “spookiness” due to the

analogy to the “spooky action at a distance” in quantum

entanglement. We also note from our own work that the multi-

Bernoulli filter [15], to a lesser extent, also exhibits a similar

behavior. This raises the question of whether spookiness is

an artifact of the RFS formulation of the multi-target filtering

problem.

The simplest way to answer this question is to implement

the full multi-target Bayes filter and test it for spookiness.

While there are implementations of the multi-target Bayes

filter in the literature [11], [12], [9], the high computational

requirements make Monte Carlo verification of experiments

difficult. Fortunately, the discovery of a conjugate prior for

the multi-target likelihood function based on the notion of

a labeled RFS can substantially reduce the computational

load via closed form solutions to the multi-target Bayes

recursion [17]. In this work we use a para-Gaussian or para-

normal implementation of the closed form labeled-multi-target

Bayes recursion. Unlike the Gaussian implementations for

PHD/CPHD filters, in the multi-target Bayes recursion the

associated normal densities do not necessarily live in the same

(single-target) state space, but live on the family of product

spaces, hence the name para-Gaussian or para-normal. We

demonstrate that the labeled multi-target Bayes filter does not

exhibit the ”spooky effect” observed in the PHD filters. Hence

the “spooky effect” is not an artifact of the random finite set

framework.

The paper is organized as follows. Section II recapitulates

the random finite set formulation of the multi-target filtering

problem. Section III describes the PHD, CPHD filters along

with the spooky effect. In section IV we introduce labeled RFS

and describe the closed form solution to the labeled multi-

target Bayes recursion. Section V reports experiments with

the spooky effect for the Gaussian mixture CPHD and para-

Normal labeled multi-target Bayes filters, and conclusions are

given in VI.

II. BACKGROUND

A. Random Finite Sets

In a multi-target system, the number of targets varies in

time due to the appearance and disappearance of targets.



Furthermore, the number of measurements received at each

time step does not necessarily match the number of targets due

to possible missed detections as well as clutter or false alarms.

The objective of multi-target filtering is to jointly estimate the

number of targets present and their individual states from the

accumulated observations.

Suppose that at time k, there are N(k) target states

xk,1, . . . , xk,N(k), each taking values in a state space X ⊆
R

nx , and M(k) observations zk,1, . . . , zk,M(k) each taking

values in an observation space Z ⊆ R
nz . The traditional prac-

tice of stacking up individual states to form a vector of multi-

target state does not admit a meaningful and mathematically

consistent notion of a multi-target miss-distance, while a finite

set representation does, since the distance between sets is a

well understood concept [10]. Define the finite sets

Xk = {xk,1, . . . , xk,N(k)} ⊂ X,

Zk = {zk,1, . . . , zk,M(k)} ⊂ Z,

to be the multi-target state and multi-target observation re-

spectively.

Since the multi-target state and multi-target observation are

finite sets, the concept of a random finite set (RFS) is required

to cast the multi-target estimation problem into a Bayesian

estimation framework. In plain terms, an RFS is a random

variable with realizations as (unordered) finite sets, i.e. a finite-
set-valued random variable. Mahler’s Finite Set Statistics

(FISST) provides the mathematical tools for characterizing

and inferencing on RFSs [5], [6]. In summary, the notions

of probability densities and generating functionals etc., i.e.

calculus like tools applicable to RFSs are catered for with

the theory of finite set statistics [5]–[7]. Connections and

differences between the FISST and standard measure theoretic

formulations of probabilities are discussed in [12].

Before proceeding to discuss common classes of RFSs, two

important summary statistics for a RFS with density π are

defined as follows:

• The probability hypothesis density (PHD) or intensity
function of an RFS X on X is the function v : X →
[0,∞) such that

E[|X ∩ B|] =
∫

B

v(x)dx

for any B ⊆ X, where |X| denotes the cardinality of

a set X . The PHD at a point x gives the density of the

expected number of points of X occurring at x. The PHD

v is indeed the first moment of π.

• The cardinality distribution ρ of an RFS X on X is the

discrete distribution characterizing the random number of

points of X , i.e. for any n ∈ N

ρ(n) = P(|X| = n)

B. Common Classes of RFSs

The following is a summary of common classes or distribu-

tions of RFSs which are commonly encountered in multi-target

filtering.

1) Poisson RFSs: An RFS X on X is said to be Poisson
with a given intensity function v (defined on X) if its car-

dinality ,denoted as |X| , is Poisson distributed, with mean

N̄ =
∫

v(x)dx, and for any finite cardinality, the elements

x of X are independently and identically distributed (i.i.d.)

according to the probability density v(·)/N̄ [8]. A Poisson

RFS is completely characterized by its intensity function, also

known in the tracking literature as the Probability Hypothesis
Density (PHD). A Poisson RFS with intensity function v has

probability density1 (see [5] pp. 366).

π(X) = e−N̄vX

where for any h : X → R, hX ≡ ∏
x∈X h(x) with h∅ = 1 by

convention.

2) I.I.D. Cluster RFS: An independent and identically dis-
tributed (i.i.d) cluster RFS X on X is uniquely characterized

by its cardinality distribution ρ(·) and matching intensity

function v(·) [8]. The cardinality distribution must satisfy

N =
∑∞

n=0 nρ(n) =
∫

v(x)dx but can otherwise be arbitrary,

and for a given cardinality the elements of X are each

independent and identically distributed (i.i.d) with probability

density v(·)/N . The probability density of an i.i.d. cluster RFS

is

π({x1, ..., xn}) = n!ρ(n)
[
v(·)
N

]X

.

Note that an i.i.d. cluster RFS essentially captures the spatial

randomness of the Poisson RFS without the restriction of a

Poisson cardinality.

3) Bernoulli RFS: A Bernoulli RFS on X has probability

1 − r of being empty, and probability r of being a singleton

whose (only) element is distributed according to a probability

density p (defined on X). The cardinality distribution of a

Bernoulli RFS is a Bernoulli distribution with parameter r.

The probability density of a Bernoulli RFS is given by (see

[5] pp. 368)

π(X) =
{

1 − r
r · p(x)

X = ∅,
X = {x}.

4) Multi-Bernoulli RFS: A multi-Bernoulli RFS X on X

is a union of a fixed number of independent Bernoulli RFSs

X(i) with existence probability r(i) ∈ (0, 1) and probability

density p(i) (defined on X), i = 1, ...,M , i.e. X =
⋃M

i=1 X(i).

. A multi-Bernoulli RFS is thus completely described by the

multi-Bernoulli parameter set {(r(i), p(i))}M
i=1. The probability

density π is (see [5] pp. 368)

π({x1, ..., xn})=n! π(∅)
∑

{i1,...,in}
∈Fn({1,...,M})

n∏
j=1

r(ij)p(ij)(xj)
1 − r(ij)

.

where π(∅) =
∏M

j=1

(
1 − r(j)

)
and Fn(X) denotes the col-

lection of finite subsets of X with exactly n elements.

1For simplicity, in this paper, we shall not distinguish a FISST set derivative
of a belief functional and a probability density. While the former is not a
probability density [5], it is, equivalent to a probability density relative to the
distribution of a Poisson RFS with unit intensity (see [12]).



C. Multi-Target Dynamical Model

Given a multi-target state Xk−1 at time k − 1, each target

xk−1 ∈ Xk−1 either continues to exist at time k with

probability pS,k(xk−1) and moves to a new state xk with

probability density fk|k−1(xk|xk−1), or dies with probability

qS,k = 1− pS,k (xk−1) and takes on the value ∅. Thus, given

a state xk−1 ∈ Xk−1 at time k − 1, its behavior at time k is

modeled by the Bernoulli RFS

Sk|k−1(xk−1).

Assuming that, conditional on Xk−1, each of the above

Bernoulli RFSs are mutually independent, then the survival

or death of all existing targets from time k − 1 to time k is

modeled by the multi-Bernoulli RFS

Tk|k−1(Xk−1) =
⋃

xk−1∈Xk−1

Sk|k−1(xk−1).

The appearance of new targets at time k is modeled by an RFS

of spontaneous births Γk (with cardinality distribution ρΓ,k)

which is usually specified as an i.i.d. cluster RFS with intensity

function γk and cardinality distribution ρΓ,k. Consequently,

the RFS multi-target state Xk at time k is given by the union

Xk = Tk|k−1(Xk−1) ∪ Γk.

D. Multi-Target Measurement Model

Given a multi-target state Xk at time k, each target xk ∈
Xk, at time k, is either detected with probability pD,k (xk)
and generates an observation zk with likelihood gk(zk|xk),
or missed with probability qD,k (xk) = 1 − pD,k (xk) and

generates the value ∅, i.e. each target xk ∈ Xk generates a

Bernoulli RFS

Dk(xk).

Assuming that, conditional on Xk, the above Bernoulli RFSs

are mutually independent, then the generation and detection

of measurements at time k is modeled by the multi-Bernoulli

RFS

Θk(Xk) =
⋃

xk∈Xk

Dk(xk).

In addition, the sensor receives a set of false/spurious

measurements or clutter, modeled by an RFS Kk, which is

usually specified as an i.i.d. cluster RFS with intensity function

κk (and normalized intensity function ck) and cardinality

distribution ρK,k. Consequently, at time k, the multi-target

measurement Zk generated by the multi-target state Xk is

formed by the union

Zk = Θk(Xk) ∪ Kk.

E. Multi-Target Bayes Recursion

Analogous to the standard Bayes recursion which prop-

agates the posterior density of a random vector, the multi-

target Bayes recursion propagates the posterior density of the

multiple target state recursively in time, via a time prediction

step involving the multiple target transition density and a data

update step involving the multiple target likelihood. Under

the above assumptions, the Bayes multiple target recursion

is given by [5]–[7]:

πk|k−1(Xk|Z1:k−1) =
∫

f̆k|k−1(Xk|X)πk−1(X|Z1:k−1)δX,

πk(Xk|Z1:k) =
ğk(Zk|Xk)πk|k−1(Xk|Z1:k−1)∫
ğk(Zk|X)πk|k−1(X|Z1:k−1)δX

,

where f̆k|k−1(·|·) and ğk(·|·) are the multiple target transition

and likelihood respectively (see [5]), and integrals are by the

FISST set integrals given by∫
f(X)δX =

∞∑
i=0

1
i!

∫
f({x1, ..., xi})dx1 · · · dxi.

III. PHD AND CPHD FILTERS

The PHD and CPHD filters are based on propagating

important summary statistics of the multi-target posterior, in an

attempt to alleviate the computational complexity associated

with propagating the full posterior via the Bayes multi-target

recursion. The following is a summary of the PHD filter which

propagates only the first moment of the posterior density [6],

[13], and the CPHD filter which jointly propagates the first

moment and cardinality distribution [7], [14]. The essential

difference between the two is that the former propagates

cardinality information with only one parameter whereas the

latter propagates and feeds back full cardinality information.

The PHD filter is computationally less expensive, whereas the

CPHD filter has more accurate cardinality estimation.

A. PHD Filter

If vk−1 is posterior intensity at time k−1, then vk|k−1, the

predicted intensity vk|k−1 to time k − 1 is

vk|k−1(x)=γk(x) +
∫

pS,k(ζ)fk|k−1(x|ζ)vk−1(ζ)dζ

and if Zk is the measurement set received at time k,then the

updated or posterior intensity vk at time k is

vk(x) = qD,k(x)vk|k−1(x) +∑
z∈Zk

pD,k(x)gk(z|x)vk|k−1(x)
κk(z) +

∫
pD,k(ξ)gk(z|ξ)vk|k−1(ξ)dξ

.

Tractable implementations of the PHD filter have been

proposed via particle representations in [12] and Gaussian

mixture closed form solutions in [13].

B. CPHD Filter

If vk−1 is posterior intensity and ρk−1 is the posterior

cardinality distribution at time k − 1, then the prediction to

time k is given by

ρk|k−1(n)=
n∑

j=0

ρΓ,k(n−j)
∞∑
�=j

C�
j

〈pS,k,vk−1〉j〈qS,k,vk−1〉�−j

〈1,vk−1〉�
ρk−1(	),

vk|k−1(x)=γk(x) +
∫

pS,k(ζ)fk|k−1(x|ζ)vk−1(ζ)dζ,



and if Zk is the measurement set received at time k,then the

updated at time k is given by

ρk(n) =
Pk(Z|n)ρk|k−1(n)

Pk(Z)
,

vk(x) =

[
qD,k(x)Pk(Z|D̄) + pD,k(x)Pk(Z|D)

]
vk|k−1(x)

Pk(Z)
where

Pk(Z|n) = Υ0
k[vk|k−1, Zk](n)

Pk(Z) = 〈P(Z|·), ρk|k−1〉
Pk(Z|D̄) = 〈Υ1

k[vk|k−1, Zk], ρk|k−1〉

Pk(Z|D) =
∑

z∈Zk

gk(z|x)〈Υ1
k[vk|k−1, Zk\{z}], ρk|k−1〉
κk(z)/〈1, κk〉

Υu
k [v, Z](n) =

min(|Z|,n)∑
j=0

(|Z|−j)!ρK,k(|Z|−j)Pn
j+u

× 〈qD,k, v〉n−(j+u)

〈1, v〉n ej(Ξk(v,Z)),

Ξk(v, Z) =
{ 〈pD,kgk(z|·), v〉

κk(z)/〈1, κk〉 : z ∈ Z

}

ej (Z) =
∑

S⊆Z,|S|=j

⎛
⎝∏

ζ∈S

ζ

⎞
⎠

with e0 (Z) = 1 by convention.

Tractable implementations of the CPHD filter via particle

representations can be obtained by straightforward extension

of the work in [12] as well as via Gaussian mixture closed

form solutions in [14].

C. The Spooky Effect

PHD/CPHD filters exhibit a counter intuitive behavior called

the spooky effect illustrated in Figure 1. Suppose that we are

given a predicted PHD for a multi-target state with two targets.

Consider the updated PHD with the following two scenarios.

In scenario 1 both targets are detected while in scenario 2 only

the far target is detected. We assume that the measurement

set is the same for both scenarios apart from the misdetected

measurement.

The upper and lower subplots illustrate the updated PHDs

for scenarios 1 and 2 respectively. The lower plot shows a

decreased PHD mass in the vicinity of the miss-detected target.

This is expected of the PHD update which tries to explain a

prior of two targets with measurements that only indicated

one target. However, the PHD in the vicinity of the detected

of target increases even though there is only one target there.

This transfer of PHD mass in the vicinity of undetected target

to the detected target occurs regardless of the distance between

the targets. The shifted mass and the remaining mass of the

undetected target depend on the total target number. There

appears to be some kind of interaction of the targets at a

distance

Figure 1. Illustration of the spooky effect: the PHD mass is transferred from
the miss-detected target to the detected target

This phenomena was first observed by Franken et. al. in [3]

and is analytically traceable in the case of zero false alarm

rate. Franken et. al. illustrated using the GM-CPHD filter on a

simple example consisting of two well separated tracks under

zero false alarm, that the undetected track can lose 50% of

its correctly updated weight, and the lost weight transferred

towards the detected track regardless of how far apart the

tracks are. They also note that the (uncardinalized) PHD filter

exhibits a similar behavior. Depending on the target number

and the value of probability of detection, the effect can be

more or less pronounced. The CPHD filter update for the target

number is correct while the PHD filter update for the target

number is incorrect. Their overall observations are:

1) A missed detection of one track can increase the weights

of the detected tracks. The lower the estimated number of

targets in the surveillance region, the higher the weight gain

becomes.

2) The updated weight of the miss-detected track decreases

in accordance with the total number of targets in the surveil-

lance region. The higher the estimated number of targets in

the region, the lower the weight becomes.

Our own experience with the multi-Bernoulli filter [15]

suggests, to a lesser extent, a similar behavior. So far there

is no proper explanation for the spooky effect. It is also

not known whether spookiness is an artifact of the RFS

formulation of the multi-target filtering problem or if it is due

to the approximations that are made with the PHD, CPHD

and multi-Bernoulli filters. To answer this question we used a

closed form solution of the multi-target Bayes recursion to be

described next.

IV. LABELED MULTI-TARGET BAYES FILTER

This section describes the conjugate prior for the multi-

target likelihood function and the resulting closed form solu-

tion to the multi-target Bayes recursion [17]. The solution is

underpinned by the notion of a labeled RFS, which assigns

explicit unique identities to individual target states.



A. Generalized (Distinctly) Labeled Multi-Bernoulli RFS

Augment a label 	 ∈ L, where L is the (discrete) space of

labels, to the state x ∈ X. For any X̃ ⊂ X× L, let L(X̃)
denote the set of labels of X̃ , i.e. L(X̃) � {	 : (x, 	) ∈ X̃}.

A labeled RFS with state space X and (discrete) label space

L is an RFS on X× L such that for each realization X̃ we

have |L(X̃)| = |X̃|.
Example 1: A labeled Poisson RFS X̃ with state space X

and label space L = N is a Poisson RFS X on X with intensity

v tagged/augmented with labels from L. A sample from a

labeled Poisson RFS with intensity v can be generated by the

following procedure:

Sampling a labeled Poisson RFS

• initialize X̃ = ∅;
• sample n ∼ Poiss(〈v, 1〉);
• for i = 1 : n
• sample x ∼ v(·)/ 〈v, 1〉 ;
• set X̃ = X̃ ∪ {(x, i)};
• end;

Example 2: A labeled multi-Bernoulli X̃ with state space

X and label space L = N is a multi-Bernoulli RFS X on X

augmented with labels corresponding to individual Bernoulli’s

which generate singletons. A sample from a labeled multi-

Bernoulli RFS is generated from the multi-Bernoulli parame-

ters {(r(i), p(i))}M
i=1, by the following procedure:

Sampling a labeled Multi-Bernoulli RFS

• initialize X̃ = ∅;
• for i = 1 : M
• sample u ∼ Uniform[0, 1];
• if u ≤ r(i),
• sample x ∼ p(i)(·);
• set X̃ = X̃ ∪ {(x, i)};
• end;

• end;

Note that the set integral for a function f̃ : F(X × L) → R

is defined by∫
f̃(X̃)δX̃ =

∞∑
i=0

1
i!

∫ ∑
(�1,...�i)∈Li

f̃({(x1, 	1), ..., (xi, 	i)})dx1 · · · dxi.

and that a labeled RFS is related to its unlabeled version via

π ({x1, ..., xn}) =
∑

(�1,...�n)∈Ln

π̃ ({(x1, 	1), ..., (xn, 	n)}) .

A generalized (distinctly) labeled multi-Bernoulli RFS is an

RFS on X× L with probability density of the form

π̃(X̃) = δ|X̃|(|L(X̃)|)
∑
c∈C

w(c)
(
L(X̃)

) [
p̃(c)

]X̃

where C is a discrete index set, w(c) and p̃(c) satisfy∫
p̃(c)(x, 	)dx = 1∑

c∈C

∑
L⊆L

w(c)(L) = 1,

and δ|X̃|(|L(X̃)|) is the distinct-label indicator of X̃ , i.e. takes

on the value 1 if the labels of X̃ are distinct and zero otherwise

Remark: The cardinality distribution of a generalised labeled

multi-Bernoulli RFS is given by

ρ(n) =
∑
c∈C

∑
L∈Fn(L)

w(c)(L).

Remark: The PHD of the unlabeled version of a generalised

labeled multi-Bernoulli RFS is given by

v(x) =
∑
c∈C

∑
�∈L

p(c)(x, 	)
∑
L⊆L

1L(	)w(c)(L).

B. Labeling Convention

In the context of multi-target systems, the labeling scheme

adopted in this solution is described as follows. Each target is

identified by a label 	 = (k, i), where k is the time of birth

and i is the index of the state of the target when it is born.

targets born from labeled Poisson or labeled multi-Bernoulli

are guaranteed to have unique labels. Using the following

notations for the space of labels,

Lk = {k} × N,

L0:k = L0:k−1 ∪ Lk,

Lk(M) = {k} × {1, ...M},
a target born at time k, has state x̃ ∈ X×Lk and a multi-target

state at time k, is a finite subset of X×L0:k. The model for

target dynamics is essentially identical to the unlabeled case,

except that new born targets are labeled uniquely according

to time and index of creation, and surviving targets retain

their unique label. The model for observations is practically

identical to the unlabeled case in the sense that measurements

are statistically independent of target labels.

C. Closed Form Prediction

Following [5], the multi-target transition for surviving tar-

gets is given by

f̃S,k|k−1(X̃|X̃ ′)=δ|X̃|(|L(X̃)|)1L(X̃′)(L(X̃))
[
Φk|k−1(X̃; ·)

]
X̃′

where

Φk|k−1(X̃; x′, 	′)=
∑

(x,�)∈X̃

δ�′(	)pS,k|k−1(x′, 	′)fk|k−1(x|x′, 	′)

+
(
1 − 1L(X̃)(	

′)
)

qS,k|k−1(x′, 	′).

Further assume that the new born target set at any time is

modeled as labeled Poisson RFS with probability density

fB,k(X̃) = δ
Lk(|X̃|)(L(X̃)})e−〈γk,1〉

|X̃|!
∏

(x,�)∈X̃

γk(x)



where γk is the intensity or PHD and Lk is the new label

space at time k.
Consequently, if the prior for the multi-target state at time

k − 1 is a generalized labeled multi-Bernoulli density of the

form,

π̃k−1(X̃ ′) = δ|X̃′|(|L(X̃ ′)|)
∑
c∈C

w
(c)
k−1

(
L(X̃ ′)

) [
p̃
(c)
k−1

]X̃′

Then the surviving multi-target state at time k is also a

generalized labeled multi-Bernoulli with density given by

π̃S,k|k−1(X̃) = δ|X̃|(|L(X̃)|)
∑
c∈C

∑
L′⊆L0:k−1

1L′(L(X̃)) ×

w
(c)
k−1(L

′)
[
q
(c)
S,k|k−1

]L′ [
K

(c)
S,k|k−1

q
(c)
S,k|k−1

]L(X̃)[
p̃
(c)
S,k|k−1

]X̃

where

p̃
(c)
S,k|k−1(x, 	) =

〈
fk|k−1(x|·, 	), pS,k|k−1(·, 	)p̃(c)

k−1(·, 	)
〉

K
(c)
S,k|k−1(	)

K
(c)
S,k|k−1(	) =

∫ 〈
fk|k−1(x|·, 	), pS,k|k−1(·, 	)p̃(c)

k−1(·, 	)
〉

dx

q
(c)
S,k|k−1(	

′) =
〈
qS,k|k−1(·, 	′), p̃(c)

k−1(·, 	′)
〉

Observe that the multi-target state at time k is the union of

the surviving targets and new born targets, the multi-target

transition is the convolution

f̃k|k−1

(
X̃|X̃ ′

)
=

∑
W⊆X̃

f̃B,k(X̃ − W )f̃S,k|k−1(W |X̃ ′)

= f̃B,k(X̃ − X̃S)f̃S,k|k−1(X̃S |X̃ ′)

where X̃S = {(x, 	) ∈ X̃ : L(X̃) ⊂ L0:k−1}. This can be

verified by noting that fS,k|k−1(W |X̃ ′) in the convolution sum

is zero, except possibly for W ⊆ X̃S , moreover, if W ⊂
X̃S ,W �= ∅ then fB,k(X̃ − W ) is zero because X̃ − W has

labels belonging to L0:k−1. Note that since the label space

Lk of new births and the label space L0:k−1 of the surviving

targets are mutually exclusive, the superposition of the birth

and surviving targets is indeed a labeled RFS (this is not true

in general).
The predicted multi-target density from time k − 1 to k

is consequently also a generalized (distinctly) labeled multi-

Bernoulli density given by

π̃k|k−1(X̃) =
∫

f̃k|k−1(X̃|X̃ ′)π̃k−1(X̃ ′)δX̃ ′

= f̃B,k(X̃ − X̃S)π̃S,k|k−1(X̃S)

D. Closed Form Update
From [5], note that the multi-target likelihood is given by

g̃(Z|X̃) = e−〈κ,1〉κZqX̃
D

∑
θ

[ψZ(·; θ)]X̃

where the mapping θ : L(X̃) → {0, 1, ..., |Z|}, such that

θ(	) = α(	′) > 0 implies 	 = 	′, and

ψZ(x, 	; θ) =

{
pD(x)
qD(x)

g(zθ(�)|x)

κ(zθ(�))
θ(	) > 0

1 θ(	) = 0

(recalling the assumption that measurements are statistically

independent of target labels).

Consequently, if the prior distribution is a generalized

labeled multi-Bernoulli of the form,

π̃(X̃)=δ|X̃|(|L(X̃)|)
∑
c∈C

w(c)
(
L(X̃)

)[
p̃(c)

]X̃

Then, the posterior distribution is also a generalized labeled

multi-Bernoulli given by

π(X̃|Z)=δ|X̃|(|L(X̃)|)
∑
c∈C

∑
θ

w̃(c,θ)(L(X̃)|Z)
[
p̃(c,θ)(·|Z)

]X̃

where

w̃(c,θ)(L(X̃)|Z) ∝ w(c)(L(X̃))
[
K

(c,θ)
D (·|Z)

]L(X̃)

p̃(c,θ)(x, 	|Z) =
p̃(c)(x, 	)qD(x, 	)ψZ(x, 	; θ)

K
(c,θ)
D (	|Z)

K
(c,θ)
D (	|Z) =

〈
p̃(c)(·, 	)qD(·, 	), ψZ(·, 	; θ)

〉
Implementations of the prediction and update steps of

the generalized labeled multi-Bernoulli filter via particle or

Gaussian mixture techniques are discussed in [17]. Unlike the

Gaussian-based implementations for PHD/CPHD filters, in the

labeled multi-target Bayes recursion the associated Gaussians

do not necessarily live in the same (single-target) state space,

but live on the family of product spaces, hence the name para-

Gaussian or para-Normal multi-target Bayes.

V. EXPERIMENTS

In this section, we illustrate the so called “spooky effect”

for the CPHD filter, and demonstrate that the para-Normal

multi-target Bayes filter is immune to such effects. Consider

a simple two target scenario on the two dimensional region

[−1000, 1000]m × [−1000, 1000]m. Track 1 starts in middle

of the upper right quadrant, and travels directly west with a

constant velocity of −10ms−1. Track 2 starts in the middle

of the lower left quadrant, and travels directly east with a

constant velocity of +10ms−1. The duration of the scenario

is K = 100s. The region and tracks are shown in Figure 2.

The kinematic target state is a vector of planar position

and velocity xk = [ px,k, py,k, ṗx,k, ṗy,k ]T . Measurements are

noisy vectors of planar position only zk = [ zx,k, zy,k ]T . The

single-target state space model is linear Gaussian according

to transition density fk|k−1(xk|xk−1) = N (xk; Fkxk−1, Qk)
and likelihood gk(zk|xk) = N (zk;Hkxk, Rk) with parameters

Fk =
[
I2 ΔI2

02 I2

]
Qk = σ2

ν

[
Δ4

4 I2
Δ3

2 I2
Δ3

2 I2 Δ2I2

]

Hk =
[
I2 02

]
Rk = σ2

εI2

where In and 0n denote the n× n identity and zero matrices

respectively, Δ = 1s is the sampling period, σν = 5m/s2

and σε = 10m are the standard deviations of the pro-

cess noise and measurement noise. The survival probabil-

ity is pS,k = 0.99 and detection probability is pD,k =
0.98. The birth model is a Poisson RFS with intensity
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Figure 2. Trajectories in the xy plane. Start/Stop positions for each track
are shown with ◦/�.
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Figure 3. CPHD filter sample run output.
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Figure 4. Para-Normal para-Normal multi-target Bayes filter sample run
output.

γ(x) =
∑2

i=1 wγN (x;m(i)
γ , Pγ),where wγ = 0.01, m

(1)
γ =

[ 500,−10, 500, 0 ]T , m
(2)
γ = [ −500, 10,−500, 0 ]T , and

Pγ = diag([ 10, 10, 10, 10 ]T )2. Light clutter is present

throughout the scenario according to a Poisson RFS with

intensity κ(z) = U(Z) where U(Z) denotes a uniform density

on the observation space. Gaussian Mixture implementations

of the CPHD and para-Normal multi-target Bayes filters are

used throughout.

In order to elucidate the spooky effect, two missed de-

tections on track 1 only are deliberately inserted at times

k = 25, 75, coinciding with the times that each tracks is

approaching and departing the vertical axis. Both tracks are

detected with noise at all other time instants. Figures 3 and

4 respectively show a single sample result for the CPHD and

para-Normal multi-target Bayes filters. On the surface, both

filters appear to track the targets effectively.

However, closer examination reveals the full effects of the

CPHD approximation, as well as the relative advantages of the

para-Normal multi-target Bayes filter. Over 100 Monte Carlo

trials, Figure 5 shows the total PHD weight as estimated by the

CPHD filter in time. The estimated number of targets is correct

at 2, except at the times of missed detections k = 25, 75 where

the total PHD weight drops slightly. Figure 6 further shows

the total weight of tracks 1 and 2 as estimated by the CPHD

filter. While both tracks are established and maintained, the

spooky effect is clearly demonstrated, at the times of missed

detections k = 25, 75. In this scenario, the CPHD filter almost

drops track 1 pushing its weight towards zero, but shifts some

weight over to track 2 pushing the total well above unity. It

can be clearly seen that even though the targets are far apart,

upon missed detection, the weight of track 1 is shifted and to

that of track 2.

On the other hand, Figures 7 and 8 respectively show

the total PHD weight as well as the individual weights for

tracks 1 and 2 as estimated by the para-Normal multi-target

Bayes filter. In this scenario, it can be seen that the full filter

maintains the correct estimate of the total number of targets.

Furthermore, even in the presence of missed detections at

times k = 25, 75, the integrity of the tracks is maintained

and the weights of both tracks remain below unity at all times.

Thus the para-Normal multi-target Bayes filter does not exhibit

the so-called spooky effect and does not arbitrarily transfer

track weights during missed detections at times k = 25, 75.

The explanation here is that the CPHD filter relies on an

i.i.d. spatial approximation and cannot enforce a one target per

track constraint, thus rendering it susceptible to the arbitrary

mass shifting or the spooky effect. The para-Normal multi-

target Bayes filter relies on a more complex parameterized

approximation, which effectively enforces a one target per

track constraint, and hence is immune to such effects.

VI. CONCLUSIONS

Our experiments have shown that the para-Normal multi-

target Bayes filter does not suffer from the so-called spooky

effect observed in the PHD and CPHD filters. Hence, the

spooky effect is not an artifact of the random finite set

formulation of the multi-target tracking problem. In view

of this conclusion, the interesting question is what actually

causes the spooky effect? Is it the indistinguishable nature of

the elements in unlabeled random finite set? Or is it merely

artifacts of the particular approximations used in the PHD,

CPHD and multi-Bernoulli filters?
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Figure 5. CPHD Filter: total estimated weight. Missed detections encountered
at k = 25, 75. Drops in total weight observed.
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Figure 6. CPHD filter: estimated weight for individual tracks. Missed
detections encountered at k = 25, 75, resulting in track 1 losing mass and
track 2 gaining mass. This is the spooky effect.
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Figure 7. Para-Normal multi-target Bayesfilter: total estimated weight.
Missed detections encountered at k = 25, 75. No effects observed.
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Figure 8. Para-Normal multi-target Bayes filter: estimated weight for
individual tracks. Missed detections encountered at k = 25, 75, but no mass
shifting is observed. Filter appears to be immune to the spooky effect.
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