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Abstract—The objective of multi-object estimation is to si-
multaneously estimate the number of objects and their states
from a set of observations in the presence of data association
uncertainty, detection uncertainty, false observations and noise.
This estimation problem can be formulated in a Bayesian
framework by modeling the (hidden) set of states and set of
observations as random finite sets (RFSs) where the model for
the observation covers thinning, Markov shifts and superposition
of false observations. A prior for the hidden RFS together with
the likelihood of the realisation of the observed RFS gives the
posterior distribution via the application of Bayes rule. We
propose a new class of prior distribution and show that it is
a conjugate prior with respect to the multi-target observation
likelihood. This result is then applied to develop an analytic
implementation of the Bayes multi-target filter for the class of
linear Gaussian multi-target models.

Index Terms—Random sets, Multi-Target Bayes filter, Multi-
Bernoulli, Conjugate prior, Tracking

I. INTRODUCTION

This paper investigates the problem of jointly estimating
the number of objects and their states from a finite set of
observations. In radar/sonar applications, the objective is to
locate the targets from radar/sonar detections [1], [2]. In spatial
statistics applications, for example, agriculture and forestry, it
is of interest to study the underlying spatial distribution of
points (plants) from point pattern observation extracted from
aerial images [3], [4]. The major challenges in this estimation
problem are

« detection uncertainty: each object may or may not gen-
erate an observation,

o clutter: observations are corrupted by spurious measure-
ments (clutter) not originating from any object,

« data association uncertainty: there is no information on
which object generated which observation.

This so-called multi-object estimation problem can be for-
mulated in a Bayesian framework by modeling the (hidden) set
of states and set of observations as random finite sets (RFSs).
The model for the observed RFS covers thinning, Markov
shifts and superposition of false observations. A prior for the
hidden RFS together with the likelihood of the realization of
the observed RFS gives the posterior distribution via the ap-
plication of Bayes rule. In practice computing this posterior is
intractable in general due the inherently combinatorial nature
of the problem, and the usual complications associated with
the curse of dimensionality [5]. A number of approximations
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have been proposed. The probability hypothesis density (PHD)
[5] and Cardinalized PHD (CPHD) [6] updates are approxima-
tions based on moments and cardinality distributions, while the
multi-Bernoulli update approximates the posterior distribution
by a multi-Bernoulli RFS distribution [7].

In this paper we present a closed form solution to the poste-
rior distribution for a class of multi-object prior distributions.
In particular we introduce the notion of distinctly labeled RFS
and propose a new class of prior distribution called generalized
labeled multi-Bernoulli RFS (or generalized labeled iid cluster
point process). We show that distinctly labeled multi-Bernoulli
RFSs and Poisson point processes falls under the umbrella of
generalized labeled multi-Bernoulli RFSs. More importantly
we prove that the proposed generalized multi-Bernoulli point
process is a conjugate prior with respect to the multi-target
observation likelihood. Consequently, the posterior distribution
can be expressed in closed form. This result is applied to
develop an analytic implementation of the Bayes multi-target
filter for linear Gaussian multi-target models.

II. BACKGROUND

In a multiple target system, the number of targets varies
with time due to the appearance and disappearance of targets,
and the number of measurements received at each time step
does not necessarily match the number of targets due to
missed detections and clutter. The objective of multiple target
tracking is to jointly estimate the number of targets and their
states from the accumulated observations. Suppose that at time
k, there are n(k) target states T 1,..., T n(r), €ach taking
values in a state space X C R"=, and m(k) observations
Zk,1y- -+ Zk,m(k) €ach taking values in an observation space
Z C R"=. Define the multiple target state and multiple target
observation respectively by the finite sets

X = {xk,la sy xk’,n(k)} € ‘F(X)a
Zy = {Zk71, cee Zk,m(k)} S f(Z),

where F (X)) denotes the collection of finite sets of X. The ra-
tionale behind this representation traces back to a fundamental
consideration in estimation theory—estimation error [8].

A. Random Finite Sets

In the Bayesian estimation paradigm, the state and measure-
ment are treated as realizations of random variables. Since the
(multi-object) state is a finite set, the concept of a random
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finite set (RFS) is required to cast the multi-object estimation
problem in the Bayesian framework. Intuitively, a random
finite set (RFS), is a random (spatial) point pattern, e.g.
measurements on a radar screen. What distinguishes an RFS
from a random vector is that: the number of points is random;
the points themselves are random and unordered. In essence,
an RFS is simply a finite-set-valued random variable. Some
examples of RFSs pertinent to development of our key results
are given next.

1) Poisson RFSs: An RFS X on X is said to be Poisson
with a given intensity function v (defined on X) if its car-
dinality ,denoted as |X|, is Poisson distributed, with mean
N = [wv(z)dz, and for any finite cardinality, the elements
x of X are mdependently and identically distributed (i.i.d.)
according to the probability density v(-)/N [9]. A Poisson
RFS is completely characterized by its intensity function, also
known in the tracking literature as the Probability Hypothesis
Density (PHD). A Poisson RFS with intensity function v has
probability density' (see [2] pp. 366).

7(X) = e Nop¥

where for any h: X — R, h* =[] oy h(z) with h? =1 by
convention.

2) Bernoulli RFS: A Bernoulli RFS on X has probability
1 — r of being empty, and probability r of being a singleton
whose (only) element is distributed according to a probability
density p (defined on X). The cardinality distribution of a
Bernoulli RFS is a Bernoulli distribution with parameter r.
The probability density of a Bernoulli RFS is given by (see

(2] pp. 368)
1—7r X =19,
m(X) = { r-p(z) X ={z}.

3) Multi-Bernoulli RFS: A multi-Bernoulli RFS X on X is
a union of a fixed number of independent Bernoulli RESs X (¥
with existence probability 7(*) € (0, 1) and probability density
p (defined on X), i = 1,..., M, ie. X = Ui\il X0, A
multi-Bernoulli RFS is thus completely described by the multi-
Bernoulli parameter set {(r(*), p(i))}M The mean cardinality
of a multi-Bernoulli RFS is Z T(Z Moreover, the proba-
bility density 7 is (see [2] pp. 368) () = H;Vil (1—r)
and

(i5) (ta

TP
S I A 1_M
{i1,.in} J=1
€Fn({1,...M})

xn})=n! w(D)

where F,,(X) denotes the collection of finite subsets of X with
exactly n elements.

B. Multi-Target Bayes Filter

Mabhler’s Finite Set Statistics (FISST) provides powerful yet
practical mathematical tools for dealing with RFSs [2], [5].

For simplicity, in this paper, we shall not distinguish a FISST set derivative
of a belief functional and a probability density. While the former is not a
probability density [2], it is, equivalent to a probability density relative to the
distribution of a Poisson RFS with unit intensity (see [10]).

Using the FISST notion of integration and density the Bayes
multiple target recursion propagates the posterior density of
the multiple target state recursively in time, via the following
prediction step and update step [2], [5], [6]:

Thlk—1 (Xk|Z1:01) :/fk\k_1(Xk\X)Wk—1(X|Z1:k—1)5X,

9k (Ze| X ) T o—1 (Xk| Z1:6—1)
J 91(Zi | X) o1 (X | Z1:p—1)0 X

T(Xk| Z1:1) =

where fi,;—1(-|-) and gx(-|-) are the multi-target transition and
likelihood respectively, and integrals are by convention the
FISST set integrals defined for a function f : F(X) — R by

/f(X)(SX - i;/f({xl,...,xi})dxl---d:cz
=0

The multi-target transition and likelihood model target birth,
death, detection uncertainty and clutter. The posterior multi-
target density encapsulates all statistical information about the
multi-target state given the observed data.

Despite its rigorous foundations and theoretical elegance
,the Bayes multiple target filter is generally intractable due the
inherently combinatorial nature of multiple target probability
densities, as well as the usual complications associated with
the curse of dimensionality [2]. In addition, the multi-target
Bayes filter in its current form does not provide tracks or
target trajectories. Simply augmenting each target state with an
identity or label does not solve the problem since the elements
of a multi-target state do not necessarily have distinct labels,
even though the elements themselves are distinct. In the next
section, we introduce the notion of a labeled RFS to alleviate
this problem. Moreover, we show that the Bayes labeled multi-
target recursion admits a closed form solution.

III. GENERALIZED LABELED MULTI-BERNOULLI RFS
A. Labeled RFS

This subsection introduces the notion of a labeled RFS. In
applications such as multi-target tracking, apart from the states
of the object, the identities of the objects are also required.
This can be achieved by augmenting a label ¢ € L, where LL
is the (discrete) space of labels, to the state = € X. However,
care must be taken in the application of the multi-target Bayes
recursion to ensure uniqueness of identities or distinctness of
labels.

Definition: For any X C Xx L, let £(X) denote the set
of labels of X, i.e. L(X) 2 {/: (z,{) € X}. A labeled RFS
with state space X and (discrete) label space L is an RFS on
Xx L such that for each realization X we have |£(X)| = |X]|.

Note that the set integral for a function f : F XxL)—R
is defined by
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and that a labeled RFS is related to its unlabeled version via

T ({z1,., xn}) = Z 7 ({(x1,01), s (Tns bn) })

(£1,...0,)€L™

Example 1: A labeled Poisson RFS X with state space X
and label space L= {a; : i € N} is a Poisson RFS X on
X with intensity v tagged/augmented with labels from L. A
sample from a labeled Poisson RFS with intensity v can be
generated by the following procedure:

X =0
n ~ Poiss((v,1));
fori=1:n
2~ o()/ (0, 1);
T = (z,q;);
X =Xu{i};
end;

The set of unlabeled elements generated by the above
procedure is a Poisson RFS. However, the set of labeled
elements is not necessarily a Poisson RFS on Xx L. Indeed
the density of a labeled Poisson RFS is given by

7 ({(z1,01), s

(e t))) = Wb

e{v:lin|
i=1

where L(n) = {aq,...,an}, 0y (X) = 1if X Y and zero
otherwise. It can be easily verified that f (5X =1

Example 2: A labeled multi-Bernoulli X w1th state space X
and label space LL is a multi-Bernoulli RFS X on X augmented
with labels corresponding to the successful Bernoulli’s. A sam-
ple from a labeled multi-Bernoulli RFS is generated from the
multi-Bernoulli parameters {(r(*), p(V)}M by the following
procedure:

X =0;
fori=1,...,.M
u~ UJ[0,1];
if u < r@,
x ~ p;
= (z,04);
end;
X =Xu{i};
end;

It is clear that the above procedure always generates a finite
set of augmented states with distinct labels and that the set of
unlabeled elements is a multi-Bernoulli. However, the set of
labeled elements is not necessarily a multi-Bernoulli RFS on
Xx L. The probability density of a labeled multi-Bernoulli is
given by

7 ({(thl), oo (@ n) }) = On([{l1, .00 }]) ¥
M N e rED) ) (o
loan({f, - la}) H (1 - ﬂl)) H #ﬂf)g)

Jj=1

where 1y (X) = 1 if X C Y and 0 otherwise. Again it can

be verified that [ 7( X)6X = 1.
P& ) (o
The products [T, (1—7®) ]/ 1% can be
written as
H 25 )rpW (@) + (1= 1gg, e,y (i) (1 =)
i=1 \j=1

Instead of the parameter set {(r(?), p())}M  and correspond-
ing labels «;, we can generalize thlS to an arbitrary finite
parameter set {(r(?), p(?)) : § ¢ ©} and labels « () where
«a : © — L is 1-1 mapping. The density can be written in
terms of a product over the parameter set © as follows

F(X) = 015, (1L()) Loy (£(X)) [@(X+)]

O(X;0) = > ba@(OrPp? (z)

(z,0)eX
+ (1= 1) (@0)) (1= 1)
B. Generalized Labeled Multi-Bernoulli RFS

Definition: A generalized labeled multi-Bernoulli RFS is an
RFS on Xx LL with probability density of the form

X =05 (16X Z“’( ) [#]"

where C is a discrete index set, w(¢) and ]5(“‘) satisfy

/ﬁ(c)(xj)dx = 1

> wr) = 1,

ceC LCL

Remark: 0, X|(|£(X )]) is the distinct-label indicator of X,
i.e. takes on the value 1 if the labels of X are distinct and zero
otherwise. Hence, the RFS defined above is a labeled RFS.

Remark: The cardinality distribution of a generalized la-
beled multi-Bernoulli RES is given by

=, 2w

c€C LeF, (L)

It can be shown that the labeled Poisson and labeled Multi-

Bernoulli RFSs are special cases of generalized labeled multi-
Bernoulli RFSs.

IV. CLOSED FORM BAYES MULTI-TARGET RECURSION

In this section we show that the generalized labeled multi-
Bernoulli density is closed under the Bayes multi-target
prediction and update. In other words, if we start with a
generalized labeled multi-Bernoulli initial prior, then all sub-
sequent multi-target prediction and update densities are also
generalized labeled multi-Bernoulli.

As mentioned earlier, for the multi-target Bayes filter to
provide tracks, we augment each target state with an identity
or label. To address the uniqueness of labels we evoke the
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labeled RFS developed in the previous section. The labeling
scheme used in this work is as follows. Each target is identified
by a label ¢ = (k, i), where k is the time of birth and ¢ is the
index of the state of the target when it is born. Targets born
from labeled Poisson or labeled multi-Bernoulli have unique
labels as shown previously. Using the following notations for
the space of labels,

Lk = {k} X N7
Lor = Log—1ULg,
Lo(M) = {k}x{1,..M},

a target born at time k, has state £ € XxIL;, and a multi-target
state at time k, is a finite subset of XxLg.z.

A. Multi-Target Prediction

The multi-target dynamical model involves
Markov shifts and superposition of new targets.

Given a multi-target state X’ at time k — 1, each target
(2/,0') € X' either dies with probability qs,kie—1(2', ")
and takes on the value (), or continues to exist at time
k with probability pgpk—1(2',¢') = 1 — qgpp—1(2}, ;)
and moves to a new state (x,¢) with probability density
Jrjp—1(x[2",£7)5,(¢"). (note that the label or identity of the
target is preserved in the transition). Assuming that, condi-
tional on X' , each of the transition of the target kinematic
state are mutually independent, then the set of surviving targets
at time k is modeled by the labeled multi-Bernoulli RFS
with parameter set {(r(*" ) p"£)) . (' ¢') € X'} where
r@ ) = pskk—1(z’, ), @) = frp_i (]’ '), and
labeling function « : X’ — Lg.,—1 defined by «a(z’, ') = ¢'.
The multi-target density for surviving targets at time k given
the multi-target state X' at time k — 1 is thus

thinning,

Fori-1(X1X) =0 5 (LD () (LR [@rip1 (K] ¥
where
D1 (X527, 0) = Z 6o (O)ps k-1, ) fejp—1(x|2’, )
(z,0)eX
(1= 1205 (O)) a5 (@', €)
Given a prior 7j_; on the multi-target state at time k — 1
the density of the surviving multi-target state at time k is given
by the marginal

s, k| k— 1

/fsmk WX | X Fp_1 (X)X

Proposition: If the prior for the multi-target state at time
k — 1 is a generalized labeled multi-Bernoulli of the form

Fr1 (K1) = 8 (1L(X) Zw ecn) o]

Then the surviving multl-target state at time k is also a
generalized labeled multi-Bernoulli with density given by

DD D> 1w(LX) x

c€C L'CLo:x-1

Tonr-1(X) = 8,5, (1L(X

c c L K(C) »C(X) c X
wl(c)l(L/)[qu,3s’|k—1} { G 1} [pfs‘)ldk 1}

95 kik—1

where
<fk\k71(x|' 0),ps k\kfl('vg)ﬁ;(f,)l('v €)>
K (0)

Ké':?qk (0= /<fk|k (=] Z)aps,ku@q(',5)15521(',5»dx

0§ ()= (a5 a1 (0,501 (. 0))

The new born target set at time k is modeled as labeled
Poisson RFS with intensity ,,. and label space L. the multi-
target density of the new born targets are

~ € —(Vk1)
Fpr(X) =0y, 5 (L(X)}) X

D kg (@,0) =

H%

(z,0)eX

Since, the multi-target state at time k& is the union of the sur-
viving targets and new born targets, the multi-target transition
density is the convolution

Jrlk—1 (X|X/> = Z TBk(X = W) fspp—1(W]X)
wWCX
= [Br(X — Xs)fspr—1(Xs|X')

where Xg = {(2,0) € X : £L(X) C Lo.x_1}. This can be
verified by noting that fg xr—1 (W]X") in the convolution sum
is zero, except possibly for W C XS, moreover, if W C
Xg, W # () then vak(f( — W) is zero because X — W has
labels belonging to ILg.;—1. Note that since the label space Ly,
of the birth targets and the label space L. of the surviving
targets are mutually exclusive, the superposition of the birth
targets and surviving targets is indeed a labeled RFS (this is
not true in general).

The predicted multi-target density from time k& — 1 to k is

Trp-1(X) = /fk\k—l(X|X/)7~rk—l(X/)5X/

= fen(X — Xs)Tspp-1(Xs)
B. Multi-Target Bayes Update

A given state (z,/) € X is either detected with probability
pp () and generates an observation z with likelihood g(z|z),
or missed with probability ¢p (x) = 1—pp (), i.e. each state
x € X generates a Bernoulli RFS O(x) with r = pp(z) and
p(+) = g(-|x). In addition, the sensor also receives a set of false
alarms or clutter which can be modeled as a Poisson RFS K
with intensity function (-). In essence, the observation RFS is
the superposition of Poisson clutter with thinned and Markov-
shifted measurements.

Assuming that, conditional on the multi-target state X, the
constituent RFSs are mutually independent, the multi-target
measurement likelihood is given by [2]

9(Z1X) = ek XZ [z

where the mapping 0 : L£(X) — {0,1,...,|Z|}, such that

0(¢) = a(l") > 0 implies £ = ¢, and

Zﬁz(fﬂa@;@) = {

pp(x) 9(ze(0)|2)
(@) rGomy 00 >0

1 0(6) =0
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Proposition: Suppose that the prior distribution is a gener-
alized labeled multi-Bernoulli of the form,
0)[]

A =015 (LD Y v (£
ceC

Then, under the multi-target measurement model, the posterior

distribution is also a generalized multi-Bernoulli given by

XD a L

ceC 0

n(X|2)=6 )[*C’Q)CIZ)}X

where
BCO(L(X)|2) o 0 (L) [ (12)]
ﬁ(c) (1‘, g)qD (.CE, 5)1/’2(% E; 9)
K57(02)

K5 O02) = (5, Dap (0,15 (- £:0))

V. DEMONSTRATION

Consider a 10 target scenario on the region
[—1000,1000}m x [—1000,1000]m. Targets move with
constant velocity as shown in Figure 1.

o0 w,02) =

1000

500

y coordinate (m)

-500

-1000,
-1000 -500 0 500 1000

x coordinate (m)

Figure 1. Target trajectories. Start/Stop positions given by O//\.

The kinematic target state is a vector of planar position
and velocity T = [ Py ks Dy .k, Daks Py.k | - - Measurements are
noisy vectors of planar position only z = [ 24k, 2y )* . The
single-target state space model is a linear Gaussian transition
density frp—1(z|¢) = N(x;Fp(,Qr) and linear Gaussian
likelihood g (z|z) = N (z; Hyx, Ry) with parameters

At A®
Fy, = [ AL Q=02 Elz 2 b
02 12 7]2 AQIQ
Hk = [IQ 02] Rk == 0?12

where I,, and 0,, denote the n x n identity and zero matrices
respectively, A = 1s, 0, = 5m/s* and 0. = 10m.
The survival and detection probabilities are pgj = 0.99
and pp = 0.98. Births follow a Poisson RFS with in-
tensity vy, (z) = Sr, wi N (z; m(j),P,Y),Where w, = 0.03,
m{Y =10,0,0,0]7, m'? = [ 400,-600,0,0 |7, m{¥ =
[ —800,-200,0,0 |7, m$" = [ —200,800,0,0 ], and
P, = diag([ 10, 10, 10, 10 ]7)2. Clutter follows a Poisson
RFS with uniform spatial density and a mean rate of 60 returns
per scan and average intensity of A, = 1.5x 10~%m~2. Figure
2 shows the measurements for x and y coordinates versus time.
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Figure 2. Measurements for x and y coordinates versus time.

The multi-target Bayes (MTB) filter is implemented via
the previously derived closed form solution. The (continuous)
kinematic component of the target state, and hence the individ-
ual target tracks, are represented as Gaussian mixtures which
are predicted and updated using the standard Gaussian sum
filter equations. The (discrete) label component of the target
states are explicitly expanded and represented as a grid or
table, where each point corresponds to a particular component
in the generalized labeled Multi-Bernoulli density. The multi-
target prediction and update steps are then calculated on
component by component basis, using Murty’s algorithm [11]
to generate predicted and updated components respectively,
in order of decreasing weights post prediction and update.
To ensure tractability of the filter, the predicted and updated
multi-target density must be truncated, retaining only the
components with the highest weights. This is achieved by
employing Murty’s algorithm to calculate newly predicted
and updated components in decreasing order of predicted and
updated weights and stopping at a determined threshold. For
each existing component, the number of new components
calculated and stored in each forward propagation is set to be
proportional to the weight of the original component, subject
to a maximum of 100 terms. The resultant posterior at each
time step is then further truncated to a maximum of 100 terms.

Figure 3 shows the filter estimates for single sample run
in  and y coordinates versus time. It can be seen that the
filter initiates and terminates tracks with a very short delay,
and generally produces accurate estimates of the individual
target states and the total target numbers, with very few
dropped or false tracks. A direct performance comparison with
the GM-CPHD filter [12], [13] is also undertaken. Figure 4
compares the true and estimated cardinality for the two filters
versus time. In this scenario, the MTB filter vastly outperforms
the CPHD filter in estimating the number of targets. Figure
5 compares the OSPA penalty (p = 1, ¢ = 100m) [14]
for the two filters, further confirming that the MTB filter
generally outperforms the CPHD filter. The breakup of the
OSPA into localization and cardinality components shown in
Figure 6 further confirm a noticeable improvement in both the
localization and cardinality performance.
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Figure 4. Number of targets versus time for MTB and CPHD filters.

VI. CONCLUSION

This paper proposes the first random finite set conjugate
prior corresponding to the multi-target likelihood in the multi-
target Bayes filter. The resultant recursion propagates an exact
solution to the multi-target posterior recursively in time. The
solution is built upon the concept of a labeled random finite
set, and formally incorporates the propagation and estimation
of unique track labels within the filtering framework. A
tractable implementation is demonstrated for linear Gaussian
multi-target models, by use of the Gaussian sum filter to
propagate individual target tracks, and more importantly by
application of Murty’s algorithm to dynamically truncate pos-
terior components, thereby ensuring a polynomial time com-
plexity. Preliminary results indicate that the proposed MTB
filter performs remarkably well, and significantly outperforms
the CPHD filter in both localization and cardinality estimation.
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